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Abstract

This thesis is devoted to the reachability of linear control problems subject to bounded control
constraints. Using a convex-analytic approach and supporting hyperplanes, we introduce a
functional J whose nonnegativity on the state space is equivalent to the reachability of a target
set. One key property of J is that it depends exclusively on control constraints and on the
solution to the adjoint problem.

By means of the proposed functional, we mainly focus on proving the non-reachability of
targets, which amounts to finding points at which J is negative. We introduce a computer-
assisted method relying on the discretisation and minimisation of J . First, a discretised proxy
Jd is minimised to find a negative point. We then bound the discretisation errors using new
discretisation-error bounds with explicit constants, and rounding errors thanks to interval arith-
metic. Ultimately, this ensures the original functional J ’s value is enclosed in a computed in-
terval, whose negativity delivers a computer-assisted proof of the non-reachability of the chosen
target.

We prove the effectiveness of the method both in the finite- and infinite-dimensional setting:
in a first part, we formalise the method and develop discretisation-error bounds for a wide array
of finite-dimensional systems and control constraints, and apply it to various examples, providing
non-reachability proofs and lower bounds of minimal reachability times. In a second part, we
extend the method to the control of linear parabolic equations, with the 1D heat equation and
variants thereof as the prime example. By finely estimating constants associated to discretisation
errors, we arrive at proofs of non-reachability for targets under realistic constraints.

This functional can also be used to prove positive results of reachability: we also present
ongoing work aiming to compute verified under- and over-approximations of the reachable set.

Keywords: Linear control systems, bounded control constraints, reachability analysis, finite- and
infinite-dimensional control systems, computer-assisted proofs, interval arithmetic.
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Résumé

Cette thèse étudie l’atteignabilité de problèmes de contrôle linéaires soumis à des contraintes
bornées sur le contrôle. En utilisant une approche basée sur de l’analyse convexe et des hyper-
plans supports, nous introduisons une fonctionnelle J dont la positivité sur l’espace d’état est
équivalente à l’atteignabilité de l’ensemble cible. Cette fonctionnelle a l’avantage de dépendre
uniquement des contraintes sur le contrôle et de la solution du problème adjoint.

À l’aide de cette fonctionnelle, nous nous concentrons sur les preuves de non-atteignabilité –
celle-ci étant équivalente à trouver un point où J est négative. Nous introduisons une méthode
assistée par ordinateur basée sur la discrétisation puis la minimisation de J . Dans un premier
temps, nous minimisons une version discrétisée Jd de J , dans le but de trouver un point négatif.
Ensuite, nous majorons les erreurs de discrétisation grâce à de nouvelles bornes explicites, et
bornons les erreurs d’arrondis en utilisant de l’arithmétique d’intervalles. Finalement, la valeur
de la fonctionnelle originelle J est incluse dans un intervalle explicite, dont la stricte négativité
fournit une preuve assistée par ordinateur de non-atteignabilité de la cible choisie.

Nous démontrons l’efficacité de la méthode tant en dimension finie qu’infinie : tout d’abord,
nous la formalisons dans le cadre de systèmes de dimension finie et développons des majorations
explicites d’erreurs de discrétisation. Ces résultats sont appliqués à de nombreux exemples,
fournissant des preuves de non-atteignabilité ainsi que des minorations de temps minimaux
d’atteignabilité. Dans un second temps, nous étendons la méthode à des systèmes de contrôle
paraboliques, avec l’équation de la chaleur en une dimension comme exemple type. En majorant
finement les erreurs de discrétisation, nous obtenons des preuves de non-atteignabilité sous des
contraintes réalistes.

La fonctionnelle J peut également être utilisée pour prouver des résultats positifs d’atteigna-
bilité : cette thèse présente ainsi des travaux en cours sur des preuves assistées par ordinateur
d’approximations tant intérieures qu’extérieures de l’ensemble atteignable.

Mots-clefs : Problèmes de contrôle linéaire, contrôle sous contraintes bornées, atteignabilité,
systèmes de dimension finie et infinie, preuves assistées par ordinateur, arithmétique d’intervalles.
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Control theory is a field of applied mathematics concerned with the study of dynamical systems
which can be influenced by an exogenous action. As such, it has wide applications ranging from
mechanical devices (aeronautics, robotics) to chemistry as well as quantum physics, economy,
biology... A control system is usually a system of (partial) differential equations in which at
least one parameter – the control – can be chosen by the user. The choice of this control will
then determine the trajectory of the system.

For instance, a car’s motion can be described using three parameters: its position, direction
and speed – those define the state of the system. Since the driver can influence those parameters,
making it accelerate, slow down or change directions, a car is a control system for which the
pedals and the steering wheel form the control. The choice and effect of the control induced
by the driver are tempered by state or control constraints: state constraints describe exogenous
restrictions, such as traffic laws – speed limits, safety measures. On the other hand, control
constraints restrain the control itself: mechanical properties such as engine and brake power,
steering wheel maximum angle or gas tank capacity are a few examples.

When studying this system, a few questions are of major interest: firstly whether the car can
be driven from one configuration (position, direction, speed) to another in a given amount of
time – this is called a reachability problem. Obviously, this heavily depends on many parameters,
such as the state and control constraints, the available time and the relative position of both
initial position and target. For instance, while a standard car might be steered from Paris to
Orleans within two hours, Lyon is unreachable in the same timelength. Similarly, a car without
reverse gear will not be able to parallel park.

In control theory, a related problem is controllability: a system is called controllable if it can
be steered from any initial position to any target in a given time – usually, without considering
any state or control constraints. This property is important for it provides an accurate descrip-
tion of the inner dynamics of the system and its control.

Once the reachability problem has been solved, a next natural question is how to do it:
consider a car going from Paris to Bordeaux. Many options are available: the car could go
straight from Paris to Bordeaux, or the driver might decide to take a nap at Poitiers – or
even Vienna, if he fancies it. Since any feasible trajectory ending with a stop at Bordeaux is
acceptable, however peculiar it is, one can wonder what the optimal trajectory, and thus what
the matching optimal control, is.

Of course, “optimal” can have many different meanings, depending on the main criterion
under consideration. Maybe the first that comes to mind is time-optimality: what is the control
and controlled trajectory minimising the transfer time? In our example, it is the logical one:
start from Paris, go as fast and as straight as possible without any stops and brake at the last
minute to stop in Bordeaux. One can see how this brutal strategy might not be optimal if
considering other criteria such as safety or energy efficiency.

Another very commonly studied problem is that of energy-optimality. When driving a car,
two main factors influence gas consumption: speed (the faster one drives, the more energy
is consumed), and acceleration (changing speed increases overall consumption). Intuitively, it
follows that driving as slowly and steadily as possible over the shortest route seems optimal
energy-wise. However, the optimal control can vary depending on the specific constraints and
available transfer time; relaxing these may lead to different optimal strategies.

Of couse, in practice, multiple criteria have to be jointly considered: time, energy, but also
for example cost and safety. The desired combination of these criteria and constraints provide
an appropriate cost functional that control theory aims at minimising.

To conclude this brief introduction, these are the main objectives of control theory: given a
dynamical system, what targets are reachable? And if they are, what is an optimal control to
reach them – given an appropriate criterion? In this thesis, we are mostly concerned with the
question of reachability, even though optimal control will play its part. We study general abstract
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linear systems, but apply our results and methodology to a few examples, such as models of a
streetcar and of a space capsule in Chapter II and diffusion of heat along a one-dimensional bar
in Chapter III.

0.2 Reachability analysis of linear autonomous control systems . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this thesis, we consider linear autonomous (time independent) control systems. Consider
X a Hilbert space, referred to as the state space, and U another Hilbert space – the control
space. Both are endowed with the norms and inner products ‖ · ‖X and 〈·, ·〉X (respectively
‖ · ‖U and 〈·, ·〉U ). We shall also use the space E = L2(0, T ;U) endowed with its standard
norm and inner product ‖ · ‖E and 〈·, ·〉E . Where no confusion is possible, the subscripts might
be dropped for readability purposes. Both spaces can be finite-dimensional, typically for the
control of Ordinary Differential Equations (ODEs), or infinite-dimensional when considering
Partial Differential Equations (PDEs).

We introduce the operators A : D(A) ⊂ X → X and B : U → X. B will furthermore be
assumed bounded, and A will generate a C0-semigroup (St)t≥0. We will consider the following
linear control problem: 

y′(t) = Ay(t) +Bu(t) for a.e. t ∈ [0, T ],
y(0) = y0,

u(t) ∈ U for a.e. t ∈ [0, T ],
(S)

where T > 0 and U ⊆ U will embody time-independent constraints on the distributed control.
We will furthermore denote

EU = {u ∈ E, u(t) ∈ U for a.e. t ∈ [0, T ]} (0.2.1)

the set of U-admissible controls. Solutions of (S) can be characterised using Duhamel’s formula:

y(· ; y0, u) : t 7→ Sty0 + Ltu, (0.2.2)

where the input-operators (Lt)t≥0 are defined as

∀ t ≥ 0, Lt :
{
L2(0, t;U) → X

u 7→
∫ t

0 St−sBu(s) ds.
(0.2.3)

Notice that this context could be generalised, for example by considering time-dependent
control or state constraints, time-dependent operators A and B or by adding a drift term in
S: although these can complicate considerably the analysis, they do not change the following
definitions of this introduction.

Let us now define the notions introduced in Section 0.1, starting with reachability analysis –
existence of a control – and then briefly introducing optimal control.

Reachability analysis. This problem consists in trying to quantify the influence an external
user has on the system: by exploiting the control variables as much as possible, what configu-
rations of the system can be achieved? Let us introduce two essential definitions: reachability
and controllability.

Definition 0.1. Given an initial condition y0 ∈ X, a target yf ∈ X, a time horizon T > 0,
and control constraints U ⊂ U , we say that yf is U-reachable from y0 in time T if there
exists u ∈ EU and

y(T ; y0, u) = yf . (0.2.4)
The set of U-reachable states from y0 in time T is called the reachable set (from y0 in time
T under constraints U), and is denoted

RT, U (y0) = {yf ∈ X, yf is U-reachable from y0 in time T} . (0.2.5)
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The union over time of the reachable sets,
⋃

T ≥0 RT, U (y0), is sometimes called the reachable
tube. In the unconstrained case U = U , we shall drop the index U .
See Figure 0.1 for an illustration of the reachable sets and tube.

Figure 0.1: Reachable sets, reachable tube and some controlled trajectories.

Notice that, by linearity, we have the following characterisation of the reachable set:

RT, U (y0) = {ST y0} + LTEU , (0.2.6)

and thus the necessary and sufficient condition of U-reachability

yf is U-reachable from y0 in time T ⇐⇒ yf − ST y0 ∈ LTEU . (0.2.7)

A weaker notion of reachability would be the one of approximate reachability: a target yf is
approximately reachable if it lies in the closure of the reachable set. In this thesis, since the
control constraints considered are convex, bounded and closed, the reachable set will be closed
and thus both notions are equivalent.

Another similar problem commonly studied – and surprisingly enough often easier to tackle
– is controllability:

Definition 0.2. The control system (S) is said to be U-controllable in time T > 0 if any
target yf is U-reachable from any initial condition y0 in time T , that is, if

∀ y0 ∈ X, RT, U (y0) = X. (0.2.8)

If no control constraints are considered (U = U), controllability boils down to linear algebra:
the surjectivity of the input operator LT . This property is well understood in finite dimension,
with simple characterisations such as the Kalman rank condition. In infinite dimension, it is
much more difficult to tackle, and usually involves proving elusive observability inequalities:
the surjectivity of LT is equivalent to the following quantitative injectivity property of L∗

T (for
instance, see [J-M07])

∃CT > 0, ∀ pf ∈ X, ‖L∗
T pf ‖E ≥ CT ‖pf ‖X . (0.2.9)
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All these characterisations are very powerful tools when considering unconstrained control, but
they do not apply when considering constraints on the control. In particular, bounded control
constraints preclude both controllability and its weaker counterpart, approximate controllability.

Reachability or controllability properties can as well be proved using optimal control theory
– which is much more resilient to the addition of control constraints.

Optimal control. Assume now that, beyond proving the reachability of a given target, one
also seeks to minimise a cost functional J , which may depend on the control, the trajectory, and
the final time. Assuming it only depends on the control, the minimisation problem can then be
written as

inf
u∈EU

y(T ; y0,u)=yf

C(u). (0.2.10)

Many techniques can be used to prove the existence of minimisers of this functional, typically
involving continuity and coercivity conditions, and in many contexts, convex analysis – Section
I.2 introduces many important results coming from this field. Notice that if the existence of
such minimisers requires the U-reachability of yf from y0 in time T , the converse is also true –
we will take advantage of this fact in this thesis. Furthermore, considering such a functional can
often provide additional information about the minimiser, as illustrated by the classical example
of the Hilbert Uniqueness Method (HUM).

The Hilbert Uniqueness Method consists in considering as cost the simple squared norm
C = 1

2‖·‖2
E on E. Then, considering the unconstrained case EU = E, the reachability constraint

can be reformulated using indicator functions, leading to

inf
u∈E

y(T ; y0,u)=yf

1
2‖u‖2

E = inf
u∈E

1
2‖u‖2

E + δ{yf −ST y0}(LTu) (P)

where

δ{yf −ST y0}(LTu) =
{

0 if LTu = yf − ST y0

+∞ otherwise.
(0.2.11)

This new functional is convex with respect to u, and one can derive that a necessary and
sufficient condition for a control u? ∈ E to minimise C is that LTu

? = yf − ST y0 and u? lies in
the range of L∗

T . A more tractable characterisation can be obtained using Fenchel-Rockafellar
duality. Consider the minimisation problem

inf
pf ∈X

1
2‖L∗

T pf ‖2
E − 〈yf − ST y0, pf 〉. (D)

This so-called dual problem exhibits strong duality with the primal problem (P), in the sense
that

inf
u∈E

C(u) + δ{yf −ST y0}(LTu) = − inf
pf ∈X

1
2‖L∗

T pf ‖2
E − 〈yf − ST y0, pf 〉 , (0.2.12)

and the infimum of the primal problem is attained if finite.
The existence of a minimiser for the dual problem follows from the observability inequality

(0.2.9) (and so independently of y0 and yf ); furthermore, the minimisers (u?, p?
f ) of the primal

and dual problems satisfy u? = L∗
T p

?
f . Thus, casting the controllability problem as an optimisa-

tion problem can lead to a constructive control.

In this thesis, we will use constrained optimal control problems with appropriate cost functions
and study their Fenchel-dual problem in order to prove reachability or non-reachability results.
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0.3 Review of the literature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this section, we shall make a review of the literature of the various fields that contributed
to this thesis: control theory mainly, but also control engineering, as well as computer-assisted
proofs in a more general way. This section is organised as follows:

First, we will focus on introducing the main controllability results in finite-dimensional control
theory: classical control results but also more recent results obtained in the control engineering
community. Special attention will be paid to reachability analysis when constraints are applied
on the control.

Next we review the main results of controllability of linear partial differential equations,
especially of parabolic equations. Again, constraints, whether bounded or unbounded, will be
given special consideration.

Finally, we will give a quick overview of computer-assisted proofs, centred on rigorous numerics
for Partial Differential Equations.

0.3.1 Finite-dimensional linear control systems

In this section, we shall consider a finite dimensional linear control system of the form{
y′(t) = A(t)y(t) +B(t)u(t) ∀ t ∈ [0, T ]
y(0) = y0 ∈ Rn,

(0.3.1)

where A ∈ L2([0, T ]; L(Rn)) and B ∈ L2([0, T ]; L(Rm,Rn)) are two matrices, and the control
u ∈ L2(0, T ;Rm) may be constrained to take values inside U ⊂ Rm for almost every time
t ∈ [0, T ]. We first present classical result of control theory to characterise controllability in
the constraint-free case or with unbounded constraints. Then, we will present various methods
allowing for the approximation of the reachable set when considering bounded constraints on
the control.

0.3.1.a Controllability

Unconstrained control systems. We will first present very standard controllability results
that can be found in every control theory textbook – see for example [LM86; J-M07; TW09].

The study of controllability – the property allowing one to steer the system from any starting
point to any target configuration – goes back to the early 60’s with Kalman’s seminal works,
including the well-known Kalman rank condition: this necessary and sufficient condition links
controllability of an autonomous linear control system to the rank condition

rk(B;AB; . . . ;An−1B) = n. (0.3.2)

This condition is independent from the final time. It is of course a very specific feature of
unconstrained controllability. For non-autonomous systems, one can define the Gramian matrix

G =
∫ T

0
R(T, τ)B(τ)B(τ)∗R(T, τ)∗ dτ, (0.3.3)

where R : [0, T ]2 → L(Rn,Rn) satisfies, for t2 ∈ [0, T ],

∀ t2 ∈ [0, T ], R(·, t2)is the solution of the Cauchy problem
{
∂tM = A(t)M
M(t2) = Id .

(0.3.4)

The invertibility of G constitutes a convenient necessary and sufficient condition for control-
lability. Both the Kalman rank condition and the Gramian characterisation are very classical
controllability criteria that can be found in the aforementioned textbooks. However, they are
not constructive. Another method called the Hilbert Uniqueness Method (HUM) was introduced
by Jacques-Louis Lions in [Lio88; Lio92]. This method consists of studying the adjoint equation{

p′(t) = −A∗p(t) ∀ t ∈ [0, T ]
p(T ) = pf

(0.3.5)
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and to notice that every L2-optimal control can be written as t 7→ B∗p(T − t) for some final
condition pf ∈ Rn. This method, which is closely related to the duality between controllability
and observability, is perfectly generalisable to infinite-dimensional systems.

Control systems with unbounded constraints. From now on, we shall consider control
constraints U ⊂ Rm. Many such constraints have been studied: the simplest case is considering
restriction of the control on a linear subspace of Rm, but using a change of variable, this is
equivalent to considering a smaller control space with a modified operator B. A very common
type of unbounded constraints is requiring the control to lie inside a linear cone – one example
of this is nonnegative control constraints. Some powerful geometric tools have been developed
to tackle such problems, both in this linear context and in various nonlinear configurations: we
refer to classical references for more details [SL12].

In the literature, constraints on the state have also been considered. In that context, con-
trollability – restricted by state constraints – can be subject to minimal times (see for example
[Kra08; LTZ17; LTZ18; BDM21; LTZ21]); in this thesis we will however focus solely on control
constraints.

0.3.1.b Reachability analysis under bounded constraints

When considering control systems with bounded constraints on the control, controllability is
impossible. Therefore, the literature focuses on the reachable set – the set of all targets reachable
from a given initial condition in finite time, or given a final time T ≥ 0 before or at this time
T . Two categories of results exist: characterisations of the reachable set and what it contains
or not, or methods to approximate it. Those two approaches have been investigated separately
by two communities: control theorists and control engineers, and their combination provides
an interesting overview of reachable set approximations. We shall explore both communities
separately.

Characterisations of the reachable set. Bounded constraints are inherent in realistic con-
trol problems, and therefore have been considered for a long time: however, the high number of
different constraints and their specificities significantly complexify their study. An early – and
essential – result in the field of optimal control is the well known Pontryagin Maximum Princi-
ple, which provides necessary optimality conditions for a state-control pair to be optimal with
respect to a given cost functional and control constraints (see, e.g. [SL12; Tré23]). However,
one has to wait to the 70’s to obtain the main results treating controllability under bounded
control constraints: although controllability on a bounded time interval is impossible, one can
obtain controllability-like results by dropping constraints, such as studying null-controllability
under compact constraints lying near 0 [SY71; Bra72; SV86; FHL92; HLQ02], or constrained
controllability without fixed final time [SB80; Vel88].

Another major characterisation of the reachable set lies in the celebrated bang-bang theorem
(see, e.g., [SL12]): if the control constraint set U is nonempty and compact, then the reachable
set itself is convex and compact, and is furthermore equal to the set of reachable points using
only controls valued in the extreme points of U .

Approximations of the reachable set. In the control engineering community, numerous
methods have been developed to numerically approximate the reachable set (targets reachable
at time T ) and reachable tube (targets reachable before time T ). Approximating the reachable
set can be done for multiple purposes: the most obvious being to determine the existence of a
control achieving the target, in order to then construct a control steering the system towards
it. On the other hand, the reachable set is heavily studied for safety purposes, to guarantee
that the system will not enter a dangerous zone. These two objectives have spawned many
techniques to tackle one or both purposes and create under-approximations (included in the
reachable set, also called inner-approximations) and over-approximations (which contain it, also
called outer-approximations) of the reachable set. Most of the literature has focused on the
computation of over-approximations of the reachable set, mainly for its immediate application
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to the safety of various systems – e.g. automated cars and airspace management – as well as
their relatively simple formulations. In comparison, computations of under-approximations are
known to be trickier, but have received increased attention in the past few years, in light of safety
considerations as well as applications to robotics and medicine [XSE16]. The approximation
of reachable sets is connected to many fields from which results may be used: for example,
differential inclusions, differential games, or the study of regions of attraction of differential
equations.

We shall now summarise the main approaches studied in the control engineering field: for
details, see the recent surveys on set propagation [AFG21], Hamilton-Jacobi equation methods
and barrier certificates [Wab+23], or the literature review in [WKA24] for under-approximations.

One of the most studied methods relies on the reformulation of reachable sets as a zero
sublevel set of a viscosity solution to a Hamilton-Jacobi partial differential equation (HJE)
[MBT05; Fis+15; CT18; Wab+23]. In particular, this method allows the study of backwards
reachable sets (BRSs) and backwards reachable tubes (BRTs) for safety purposes: BRSs describe
the initial conditions that could be steered to a danger zone at final time T , while BRTs include
all initial conditions that could pass through a danger zone before time T .

These zero sublevel sets are then typically approximated by discretising the state space with
a grid and computing various values at each point of the grid – a very precise description of the
reachable sets, yet heavily affected by the curse of dimensionality. These methods have yielded
remarkable results in the study of over-approximations of (backward) reachable sets and tubes
for both linear and nonlinear control systems, and have recently been studied as well to provide
under-approximations [XFZ19].

Another extensively studied method relies on Control Barrier Functions (CBF) [PJ04; Ame+16;
Gur+18; KA18; KBH18; Wab+23]: these are functions designed so that their sign cannot change
under the dynamics of the controlled system. Many techniques – often based on Lyapunov stabil-
isation methods – have been elaborated to design CBFs, which in turn allow for the computation
of sets invariant by the system’s behaviour, controls or disturbances. These invariant sets can
then characterise over-approximations of the reachable set. In contrast to the previous method,
this one scales better to higher dimensions, provided one first manages to synthesise an appro-
priate function.

Some methods endeavour to combine the best of both worlds, see [Wab+23] for abundant
details and references – which also reviews the literature of predictive control and data-driven
methods that we shall not detail here. A method similar to barrier functions, developed in
[KHJ13], could also allow for the characterisation of an under-approximation of backward reach-
able sets.

Last but not least, set propagation [AFG21] allows for both under- and over-approximations.
This general method uses set-based arithmetic to iterate under- and over-approximations of the
reachable sets on a discrete time grid. The efficiency of this method is highly dependent on the
type of set representation chosen: many have been studied, ranging from convex sets for linear
dynamics (e.g. support functions [PN71; Vel92; GL08; LG09; LG10; Bai+07], polytopes [HK06;
ASB10], zonotopes [Le 09; Imm15] or ellipsoids [KV02a; KV02b]) to various non-convex sets
(e.g. unions of convex sets, polynomial zonotopes or star sets [AFG21]), each with their own
literature, advantages and drawbacks. Set propagation is a very efficient way to approximate
the reachable set, but is subject to the wrapping effect (exponential build-up of approximation
errors). Numerous algorithms have thus been developed to circumvent it in each specific case
and to avoid unnecessary over-approximations.

Set propagation has also proved to be an efficient way to compute under-approximations of
the reachable set: the literature in this regard is quite rich, from the use of support functions to
deduce polytopal under-approximations from over-approximations [Var00; Le 09; GLM06], ellip-
soids [KV02b], polytope iterations [XSE16], cleverly chosen intervals [GP17], zonotopes [Ser20],
and combinations of polytopes and zonotopes [WKA24].
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Finally, let us mention that regarding approximations of reachable sets, very few papers have
considered the influence of round-off errors on the computation of under- and over-approximations:
to our knowledge, only a handful of authors led by F. Immler [Imm15] have considered the possi-
bility of adding rigorous numerics to provide truly computer-assisted proofs of (non-)reachability.
For details about rigorous numerics, see Section 0.3.3 below.

0.3.2 Infinite-dimensional linear control systems

The study of infinite-dimensional systems is notoriously more difficult than that of finite-
dimensional systems, and the immense diversity of systems contributes to the very abundant
literature. In this section, we shall focus on linear control systems, rapidly introduce classi-
cal methods to obtain the controllability of infinite-dimensional systems and then focus on the
controllability of parabolic partial differential equations. For now, consider the general uncon-
strained controlled linear equation

y′(t) = Ay(t) +Bu(t) for a.e. t ∈ [0, T ]
y(0) = y0 ∈ X

u(t) ∈ U for a.e. t ∈ [0, T ].
(0.3.6)

First, recall the basic definitions: a system is said to exactly controllable if for any initial con-
dition, the reachable set covers the whole state space. It is said to be approximately controllable
if the reachable set is only dense in the state space, and null-controllable if 0 is reachable from
any initial condition. Those three controllability definitions are intrinsically linked together: for
example, in finite dimension, approximate and exact controllability are equivalent. For the wave
equation, null-controllability and exact controllability are equivalent as well.

Another essential property of linear control systems is observability. Observability is a multi-
faceted condition on solutions of the backward adjoint equation defined as{

p′(t) = −A∗p(t) for a.e. t ∈ [0, T ]
p(T ) = pf .

(0.3.7)

Namely, observability is characterised by so-called observability inequalities that typically
take the form

∀ pf ∈ X, ‖t 7→ B∗p(t)‖1 ≥ CT ‖pf ‖2 (0.3.8)

for given norms ‖ · ‖1 and ‖ · ‖2 respectively on L(U,X) and X – these norms may vary in
order to obtain different versions of observability. Without going into details, observability is a
dual and often equivalent notion of controllability, and has been one of the main tools to obtain
controllability results in the past forty years. For details, see one of the many textbooks written
on the subject [MZ04; J-M07; TW09; Boy22; Tré23].

Observability inequalities, often obtained through Carleman estimates, have yielded numerous
core controllability results, such as the null-controllability of the heat equation [LR94] or the
controllability of the wave equation under the Geometric Control Condition [BLR92]. Many
new results have been discovered considering the reachable set of the heat equation, which is
the focus of Chapter III: either for boundary control [DE18; HKT20; ELT22; KNT22] or for
distributed control [CR22]. Let us mention a few recent surveys [Egi+20; CM24] and classical
textbooks that treat this subject [MZ04; J-M07; TW09; Boy22; Tré23].

The controllability of partial differential equations has also been studied when constraints
are applied on the control, though less so than in finite dimension. One classical example of
constraint is a unilateral or conic constraint, which can reduce the reachable set and induce
minimal times of reachability [Kla96; Res05; LTZ17; PZ18; PZ19; Ant+24]. Sparsity or non-
convex constraints have also been studied [Zua10; PTZ24] as well as projection constraints
[Erv20]. Even though they are not covered in this thesis, state constraints have also been
considered in the literature; see for example [LTZ17; LM21].
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In this thesis, we consider pointwise bounded control constraints. Those constraints naturally
forbid controllability and small time reachability, and if the constraints are (pointwise) (weakly)
compact, then the reachable set is weakly compact, and thus closed – in that context, approx-
imate and exact reachability are equivalent. If B is furthermore bounded, the reachable set
has also be proved to be convex: see [LY12, Chapter 7, Section 5.1]. Weakly compact control
constraints have been considered since the 80’s [Ahm85], but the literature has exploded in the
last few years, either considering general pointwise constraint sets [Ber14; Ber19; Ber20], L∞

constraints [Wan08; PTZ19] or even L1 [CK22].

0.3.3 Computer-assisted proofs for PDEs

In this thesis, we aim at developing computer-assisted proofs for control theory. Computer-
assisted proofs have been in development since the 1960s, using various techniques. Perhaps
the first method employed was using computers to prove by exhaustion: when a large but finite
number of cases are considered, one can make a computer check each one – this is the case
of the proof of the famous four-colour theorem in graph theory. Another method relies on
proof assistants: these are usually softwares with builtin logic that can check whether a proof’s
validity – Rocq (previously named Coq) and Lean are two major examples, but others exist.
These proof assistants can be equipped with automatic theorem provers, which can search for
formal proofs using various heuristics or AI-powered methods. Related methods of computer-
assisted proofs rely on symbolic computation to provide proofs of cumbersome computations –
the library SymPy in Python or the online computational intelligence Wolfram Alpha are two
examples.

Another field of computer-assisted proofs is termed rigorous numerics or validated numerics.
This field aims at computing and solving equations numerically while checking their correctness
along the way by bounding the potential rounding errors due to floating-point arithmetic (see
I.4 for details). This is the general method we use in this thesis.

Rigorous numerics have been developing since the 1980s, and many libraries now offer access
to set-based arithmetic guaranteeing freedom from rounding errors – in this thesis, we used
IntLAB [Rum99], developed by Prof. Siegfried Rump. Validated numerics have already been
applied to the study of ordinary and partial differential equations: one classical method is to
numerically certify the contractiveness of a given functional, and use a fixed-point theorem
to obtain existence and uniqueness of solutions [Day+04; Bal+18; Ber+21; BBS24]. Other
methods using for example rigorous spectral bounds have also been explored, see the surveys
[Góm19; Kap+21], or [NPW19] for numerous rigorous numerics on elliptic equations. Another
use of rigorous numerics related to our approach is the already mentioned computation of over-
approximations of reachable sets [Imm15]. In Chapters II and III, we use interval arithmetic to
guarantee bounds on the solution of a differential equation, which are then used as a criterion
for the non-reachability of a target.

0.4 Summary of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

We shall now summarise the content of the thesis. For a French translation of this summary,
see Section 0.5.

In this thesis we are concerned with the reachability of linear autonomous control systems.
Considering an operator A generating a strongly continuous semigroup (St)t≥0, and a continuous
operator B, we study control systems of the following form

y′(t) = Ay(t) +Bu(t) for a.e. t ∈ [0, T ],
y(0) = y0 ∈ Y0,

u(t) ∈ U for a.e. t ∈ [0, T ],
(S)

where U denotes time-independent control constraints, Y0 ⊂ X a set of initial conditions and
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Yf ⊂ X a set of targets. Typically, the following assumptions will be made:
U ⊂ U is nonempty, closed, convex and bounded,
Yf ⊂ X is nonempty, closed and convex,
Y0 ⊂ X is nonempty, closed, convex and bounded.

(0.4.1)

Slightly weaker assumptions will also be considered (see (0.4.18)).
We consider the following non-standard set reachability definition, which coincides when con-

sidering single targets or initial sets: we say that Yf is U-reachable from Y0 in time T if there
exists (y0, yf ) ∈ Y0 × Yf such that yf is U-reachable from y0 in time T .

The fundamental goal of this thesis is answering the following question:

Given a linear control system subject to bounded control constraints U ,
an initial set Y0, a time T and a target set Yf , is Yf U-reachable from Y0 in time T?

We will only consider controls in open-loop, and will mainly propose ways of obtaining nega-
tive answers to this question – which also precludes closed-loop reachability.

The summary of this thesis is divided in the following way:

• Subsections 0.4.1 and 0.4.2 focus on a convex-analytic problem, studying a separating
functional J and linking its evaluation to the existence of a point in the intersection of
two convex sets

• Subsections 0.4.3 and 0.4.4 introduce a methodology that applies this functional to the
reachability analysis of linear control systems

• Subsections 0.4.5, 0.4.6 and 0.4.7 summarise the main results obtained in this thesis, both
leading to and using the aforementioned methodology. Those sections are each dedicated
to the three main chapters of this thesis (Chapters II, III and IV)

• Finally, Subsection 0.4.8 presents an outlook on future work in the line of this thesis, and
outlines the plan of the thesis.

0.4.1 Convex analysis

We will first introduce the problem from a convex analytic point of view – see Section I.2 for
details about this framework. Consider a Hilbert space X and two convex subsets R,Y ⊂ X.
Our focus will be on methods designed to resolve the question:

Is R ∩ Y empty? (0.4.2)

This is a classical question of convex analysis, which can be reformulated using a convex
optimisation problem:

π := inf
x∈X

δR(x) + δY(x), (P)

where δC is the convex indicator function of C, valued 0 on C and +∞ elsewhere. Considering
this somewhat crude optimisation problem, we have the equivalence

R ∩ Y 6= ∅ ⇐⇒ π = 0. (0.4.3)

Of course, this optimisation problem could be regularised in an infinite number of ways while
preserving that property, but its current form will suffice here.

Another approach to tackling (0.4.2) is using a separation argument in the style of the Hahn-
Banach theorem: assuming that{

R and Y are nonempty, closed and convex
R or Y is bounded,

(0.4.4)

11
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we have the following equivalence

R ∩ Y = ∅ ⇐⇒ ∃ p ∈ X, sup
x∈R

〈p, x〉 < inf
y∈Y

〈p, y〉. (0.4.5)

Let us denote σC : p 7→ supx∈C〈p, x〉 the support function of a closed convex C, and

J :
{
X → R
p 7→ σR(p) + σY(−p).

(0.4.6)

Figure 0.2: Separation of R and Y using J .

Since J quantifies the separation between R and Y (see Figure 0.2 for an illustration), it will
sometimes be referred to as the separating functional. Furthermore J is 1-homogeneous, and
thus the following minimisation problem

d := inf
p∈X

J(p) (D)

has only two potential values: −∞ or 0. Nonetheless, under the hypotheses (0.4.4) the
equivalence seen in (0.4.3) holds here as well:

R ∩ Y 6= ∅ ⇐⇒ d = 0. (0.4.7)
The two aforementioned optimisation problems – the primal problem (P) and the dual problem

(D) – are in fact linked using Fenchel duality, which guarantees the weak duality, in the sense
that

π ≥ −d. (0.4.8)
Moreover, under the assumptions (0.4.4), strong duality holds:

π = −d. (0.4.9)

This is a direct consequence of the Fenchel-Rockafellar theorem [Roc67] (see Theorem I.24). In
this thesis we will make use of this duality, and especially of the separation functional, developing
computer-assisted proofs to compute verified approximations of it and exploiting these to answer
reachability problems. Let us now, still in this convex analysis framework, provide some details
about rigorously evaluating J .

12
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0.4.2 Rigorous evaluation of the separating functional

We will henceforth assume that both R and Y are convex, closed and nonempty, and that R is
furthermore bounded. Although we have obtained interesting characterisations of the emptiness
of R ∩ Y, it is hard to get more theoretical knowledge from those coarse primal and dual
functionals.

In this thesis, we tackle the intersection problem through evaluations of the separating func-
tional J , with two potential applications:

• if one finds p ∈ X such that J(p) < 0, then (0.4.7) entails R ∩ Y = ∅

• if one deduces enough information from multiple evaluations to prove that J ≥ 0 every-
where, then (0.4.7) proves R ∩ Y 6= ∅.

Notice that while the first option requires only local information on J , the second demands
global conditions, which is much more difficult to obtain. In both cases, a rigorous evaluation of
J is called for: since a closed formula for J is rarely available in control problems, we consider
numerical approximations of J , at the additional cost of then certifying bounds on the error
between J and its proxy Jd – note that Jd may not be defined on the whole of X.

When numerically computing J , two kinds of error arise: approximation and rounding errors.
Firstly, approximation errors: in the control problems we shall consider, these will boil down to
discretisation errors of (partial) differential equations in time (and space for PDEs). To properly
evaluate J , one then needs to precisely bound the discretisation error, that is, provide an explicit
error function ed such that

∀ (pf , pfh), |J(pf ) − Jd(pfh)| ≤ ed(pf , pfh). (0.4.10)

This means that, in addition to providing an order of convergence of Jd towards J as the
discretisation parameters tend to 0, one needs to ensure that the constants have a known closed
form, and are furthermore as optimised as possible.

The second kind of error that appears when computing numerical approximations is rounding
errors er(pfh) usually arising from finite bit representation. These can be tedious to bound,
as they may depend on a wide range of parameters independent of R and Y: the computer,
coding language and infrastructure are only some of them. To remedy this and rigorously bound
rounding errors, we use in this thesis the MATLAB library INTLAB developed by Professor S.
Rump [Rum99]. This library encodes interval arithmetic: a rigorous numerics technique that
propagates worst-case rounding errors using intervals – see Section I.4 for a detailed account of
its methods.

Ultimately, the goal is to provide rigorous bounds ed(pf , pfh) on discretisation errors

J(pf ) ∈ [Jd(pfh) − ed(pf , pfh), Jd(pfh) + ed(pf , pfh)], (0.4.11)

and bounds er(pfh) on rounding errors

Jd(pfh) ∈ [J̃d(pfh) − er(pfh), J̃d(pfh) + er(pfh)], (0.4.12)

where J̃d(pfh) is the numerical evaluation of Jd(pfh) subject to rounding errors, to finally prove
the inclusion

J(pf ) ∈ [J̃d(pfh) − ed(pf , pfh) − er(pfh), J̃d(pfh) + ed(pf , pfh) + er(pfh)]. (0.4.13)

From there, the objective is then to extract whatever information it entails regarding the empti-
ness of R ∩ Y.
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0.4.3 Application to reachability analysis

Let us now apply those results to reachability analysis. Recall the control problem
y′(t) = Ay(t) +Bu(t) for a.e. t ∈ [0, T ],
y(0) = y0 ∈ Y0,

u(t) ∈ U for a.e. t ∈ [0, T ],
(S)

and its solution
y : t 7→ Sty0 + Ltu. (0.4.14)

A target set Yf ⊂ X is thus U-reachable from Y0 in time T if and only if

∃u ∈ EU ,∃ (y0, yf ) ∈ Y0 × Yf , ST y0 + LTu = yf , (0.4.15)

or equivalently if

LTEU ∩
(
Yf − ST Y0

)
6= ∅, (0.4.16)

where

Yf − ST Y0 = {yf − ST y0, (y0, yf ) ∈ Y0 × Yf }. (0.4.17)

Under the assumptions that{
LTEU is nonempty, convex, closed and bounded
Yf − ST Y0 is nonempty, convex and closed,

(0.4.18)

we can thus apply all results from the previous sections to study the reachability of Yf . Notice
more tractable sufficient conditions are the following ones:

U ⊂ U is nonempty, closed, bounded and convex,
Yf ⊂ X is nonempty, closed and convex,
Y0 ⊂ X is nonempty, closed, bounded and convex.

(0.4.19)

For the control constraints, one might even consider the sufficient assumption that EU is
nonempty and weakly compact. Indeed, it is standard that LTEU is weakly compact, and its
convexity follows from profound results – see [LM86, Theorem 1A, Theorem 3 and Lemma 4A
in Section 2.2] for a proof for finite dimensional systems, or [LY12, Chapter 7, Section 5.1] in
infinite-dimension.

As for Yf − ST Y0, it only needs convexity and closedness to ensure separation with LTEU ,
which requires boundedness of Y0 as well to ensure the closedness of ST Y0.

The separating functional in the control case writes

J :
{
X → R
pf 7→ σLT EU (pf ) + σYf −ST Y0(−pf ),

(0.4.20)

and we deduce from the Subsection 0.4.1 the following theorem:

Theorem 0.3. Considering the linear control system (S), where U denote nonempty, con-
vex and weakly compact constraints, and Yf − ST Y0 is nonempty, closed and convex, it
holds that

Yf is U-reachable from Y0 in time T ⇐⇒ ∀ pf ∈ X, J(pf ) ≥ 0. (0.4.21)
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0.4.4 Computation of J

In general control problems, since the reachable set is not known, neither is the support function
σLT EU . Fortunately, a well-known property of support functions, along with the linearity of LT ,
reduces the knowledge of the support function of LTEU to that of EU – which is none other but
the support function of U integrated in time:

∀ pf ∈ X, σLT EU (pf ) = σEU (L∗
T pf ) =

∫ T

0
σU
(
L∗

T pf (t)
)

dt. (0.4.22)

Other properties allowing us to split σYf −ST Y0 in two, we finally obtain the convenient ex-
pression

∀ pf ∈ X, J(pf ) =
∫ T

0
σU
(
L∗

T pf (t)
)

dt+ σY0(S∗
T pf ) + σYf

(−pf ). (0.4.23)

Provided that the support functions of the constraints, initial and target sets are known
(which is common for most standard cases) this expression is approximable, which paves the
way to rigorous numerical computation as described in Subsection 0.4.2. Let us now introduce
a general discretisation method for J : notice that considering the adjoint equation{

p′(t) +A∗p(t) = 0 for a.e. t ∈ [0, T ]
p(T ) = pf ,

(0.4.24)

J can once again be rewritten as

∀ pf ∈ X, J(pf ) =
∫ T

0
σU (B∗p(t)) dt+ σY0(p(0)) + σYf

(−pf ). (0.4.25)

This reduces the discretisation of J to the discretisation of both a time integral and a linear
differential equation: since for standard control constraints (bounded and non-singleton) σU has
only Lipschitz regularity, we only consider first order methods to compute the time integral –
and thus, if a discretisation of 0.4.24 is needed, a first-order discretisation in time is sufficient as
well. The actual discretisation depending on the context – finite- or infinite-dimensional – we
shall detail it in the following sections.

The following subsections summarise the main contributions of Chapters II, III and IV of this
thesis respectively.

0.4.5 Computer-assisted proofs of non-reachability for finite-dimensional control systems

Non-reachability of finite-dimensional control systems is treated in Chapter II, which is a
nearly identical transcript of the paper Computer-assisted proofs of non-reachability for finite-
dimensional linear control systems co-written with Camille Pouchol, Yannick Privat and Christophe
Zhang [Has+24], published in SIAM Journal of Control and Optimisation in September 2025.

In this article, we consider finite-dimensional control problems
y′(t) = Ay(t) +Bu(t) for a.e. t ∈ [0, T ],
y(0) = y0 ∈ Rn,

u(t) ∈ U for a.e. t ∈ [0, T ],
(S)

where A ∈ L(Rn,Rn) and B ∈ L(Rm,Rn) are matrices and U ⊂ Rm is compact (with bound
M > 0). In particular, semigroups (St)t≥0 reduce to matrix exponentials (etA)t≥0 and space
discretisation is not needed.

This article exploits the contrapositive of Theorem 0.3, that is, for any target set Yf nonempty,
closed and convex:

Yf is not U-reachable from y0 in time T ⇐⇒ ∃ pf ∈ Rn, J(pf ) < 0. (0.4.26)
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Such a pf will then be referred to as a dual certificate of non-reachability. In contrast to
previous methods considered in the literature, the purpose is not to produce approximations
of the reachable set, but rather to provide rigorous guarantees that the given target set is not
reached. This simpler goal allows us to develop a general methodology adapted to a wide range
of finite-dimensional linear control problems. This methodology relies on three consecutive steps:

1. the discretisation of J and explicit bound on the discretisation error ed

2. the minimisation of J∆t using primal-dual algorithms, until a dual certificate pf is found
such that J∆t(pf ) < 0

3. the rigorous computation of J∆t(pf ) with interval arithmetic to bound rounding errors er,
and the conclusion that J(pf ) ≤ J∆t(pf ) + er(pf ) + ed(pf ) < 0.

Another essential by-product of this method is the proof of lower bounds on minimal times
of reachability; this is a consequence of the following basic result:

Lemma 0.4 (II.7). Assume that U ∩ ker(B) 6= ∅, and suppose either y0 = 0 or yf = 0.
If yf is not U-reachable from y0 in time T , then it is not reachable for any T̃ ≤ T either.
Consequently, denoting

T ?(y0, yf ,U) = inf
{
T > 0, yf is U-reachable from y0 in time T

}
∈ [0 + ∞],

we have T ?(y0, yf ,U) ≥ T .

For the discretisation of J , we consider several cases, depending on the matrix A. Firstly,
if a closed formula exists for the solution of (0.4.24) – for instance using a Jordan-Chevalley
decomposition – the discretisation of J boils down to a simple discretisation of the integral.
This discretisation is made using a simple rectangle rule – recall that the support function does
not usually have more that Lipschitz regularity. Proposition II.9 and its Corollary II.10 study
discretisations of the type

J∆t(pf ) =
N0−1∑
k=0

σU
(
B∗ek∆tA∗

pf

)
+
〈
y0, e

T A∗
pf

〉
+ σYf

(−pf ), (0.4.27)

and prove estimates of the form

|J(pf ) − J∆t(pf )| ≤ 1
2∆tMTϕ(T )‖B‖‖A∗pf ‖, (0.4.28)

where ϕ is typically the product of a polynomial and an exponential in T , depending on the
eigenvalues of A.

When less information is known about A, a discretisation of the adjoint equation (0.4.24) is
necessary. Under the assumption that A is negative semidefinite, we consider an implicit Euler
scheme: {

pN0 = pf

(Id −∆tA∗)pk = pk+1, ∀ k ∈ {0, . . . , N0 − 1}.
(0.4.29)

Proposition II.14 then yields the following estimate for the full discretisation of the separating
functional:

|J(pf ) − J∆t(pf )| ≤ ∆t‖A∗pf ‖
(
TM‖B‖ + 1

2‖y0‖
)
. (0.4.30)

To use Theorem 0.3, one first has to find an appropriate dual certificate of non-reachability
pf , which is done by “minimising” J∆t. To do so, we made use of the natural duality of the
problem, as displayed in (0.4.9), to employ a primal-dual algorithm [CP11]. The method has
then successfully been applied to three examples in Section II.4:
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• in Subsection II.4.2, a 2-dimensional toy example modelling the movement of a streetcar.
This example’s reachable set has a closed expression, which allows us to showcase the
effectiveness of our approach

• in Subsection II.4.3, a more involved 4-dimensional model of a spacecraft rendezvous with
complex control bounds and multiple target shapes. See for example Figure II.4 that
demonstrates the ability of the method to compute accurate lower bounds of minimal
reachability times

• in Subsection II.4.4, a more abstract example studying the scalability of the method in
higher dimensions.

Each numerically assisted result is made using fully rigorous interval arithmetic encoding,
and the dual certificates pf and enclosing values of J(pf ) are provided.

0.4.6 Computer-assisted proofs of non-reachability for parabolic control systems

Chapter III presents the results of an article co-written with Camille Pouchol, Yannick Privat
and Christophe Zhang, which is currently being finalised for submission to a peer-reviewed jour-
nal.

In this chapter, we extend the method to study the non-reachability of linear parabolic control
problems of the form 

y′(t) = Ay(t) +Bu(t) for a.e. t ∈ [0, T ],
y(0) = y0 ∈ X,

u(t) ∈ U for a.e. t ∈ [0, T ],
(S)

where V ⊂ X ⊂ V ′ a Gelfand triple, with V and X infinite dimensional Hilbert spaces. Let
A : V → V ′ be an operator, with its domain defined as D(A) = {x ∈ V,Ax ∈ X}. Let U
be another Hilbert space, with B : U → X a bounded operator. We assume that U ⊂ U is a
nonempty, convex, closed and bounded (with bound M > 0), and consider nonempty, closed
and convex target sets Yf .

Similarly to the finite-dimensional case, we aim at using (0.4.26) to create a computer-assisted
methodology to prove the non-reachability of target sets and compute certified lower-bounds of
minimal times of reachability for a wide array of parabolic control problems. However, to our
knowledge, no computer-assisted proofs pertaining to the reachability analysis of PDE controlled
systems have been considered in the literature.

The infinite-dimensionality of the state space significantly complicates the study of the sepa-
rating functional J , for it requires its space-discretisation in addition to its time-discretisation.
These call for many theoretical results from operator and semigroup theories as well as approx-
imation theory: see Sections I.1 and I.3 for a brief introduction of those theories.

In a first part (Section III.2), we describe a space- and time-discretisation based on a vari-
ational formulation of the adjoint equation (0.4.24). We assume continuity and coercivity of
operator −A∗, and consider a family of finite-dimensional subspaces Vh ⊂ V indexed by a dis-
cretisation parameter h > 0. We also assume that Vh satisfies the standard approximation
assumption

∀ f ∈ X, inf
vh∈Vh

‖A−1f − vh‖V + inf
vh∈Vh

‖(A∗)−1f − vh‖V ≤ C0 h‖f‖X , (V1)

with C0 ≥ 0 a constant that will need to be explicit for later purposes. Over Vh, we discretise
A into Ah, and solve the adjoint equation (0.4.24) in time using a Euler implicit scheme. Using
approximation theory and quantitative results for accretive operators, we obtain the following
explicit discretisation error bound (see Proposition III.9):
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2 + C3∆t)‖A∗pf ‖, (0.4.31)

where ∆t > 0 and h > 0 are the time and space discretisation parameters, and the constants
are explicit and only depend on the continuity and coercivity constants of −A∗ and on C0. A
fully discretised version of J is the following:

J∆t,h(pfh) =
N0−1∑
k=0

σU
(
B∗(Id −∆tAh)−kpfh

)
+
〈
y0, (Id −∆tAh)−N0pfh

〉
+ σYf

(pfh). (0.4.32)

An explicit error bound on the functional J is subsequently derived from this estimate (see
Theorem III.11):

|J(pf ) − J∆t,h(pfh)| ≤
(

1
2M‖B‖T∆t+ (‖y0‖ +M‖B‖T )

(
C2h

2 + C3∆t
))

‖A∗pf ‖

+
(
C4(‖y0‖ +M‖B‖T ) + ‖yf ‖

)
‖pf − pfh‖.

(0.4.33)

Notice that in both estimates (0.4.31) and (0.4.33), we have pfh ∈ Vh and pf ∈ D(A∗).
Recall that we do not necessarily have Vh ⊂ D(A∗), and thus any pfh ∈ Vh obtained through
a minimisation process must be interpolated into pf ∈ D(A∗) in order to apply (0.4.33) and
guarantee the value of J(pf ). Therefore, in addition to the methodology described in Subsection
0.4.5, one has to consider the following steps:

• before minimising on Vh the discretised functional J∆t,h defined in (0.4.32), estimate (V1)
must be proved for the discretisation space Vh.

• to compute the final discretisation errors, one must interpolate pfh into pf ∈ D(A∗) and
check that J(pf ) < 0 using previous estimate (0.4.33) and interval arithmetic.

In Section III.3, we apply this general recipe to prove non-reachability results on two heat
equation based examples: in both cases, we choose a space discretisation that uses P1 finite
elements, and then interpolate the minimiser of Jd using cubic splines – see Section I.3 for
details about these spaces.

Using those results, we first study the 1D heat equation with zero Dirichlet boundary con-
ditions: a toy case with symmetric L2 constraints and B = Id is considered, showcasing the
precision of results for simple targets. We then consider more involved examples with restricted
control domains (B = χω) and nonnegative L∞ control constraints, proving the non-reachability
and computing lower-bounds of minimal reachability time for various targets – see for example
Figures III.2 and III.3.

We then consider a coupled heat equation example with a control applied to only the second
equation – control satisfying asymmetric L∞ constraints. After the necessary proof of the
approximation result (V1), we provide computer-assisted proofs of the non-reachability of a ball
centred at 0 – see Figure III.4 for an illustration of the initial state and dual certificate. We also
prove the non-reachability of an unbounded target set of the form {yf } × L2(0, 1).

In all considered examples, the computer-assisted proofs use rigorously encoded interval arith-
metic. The dual certificates and enclosing values of J are provided and discussed with regard to
all parameters. The discretisation errors and rounding errors are also shown and when necessary,
their respective importance is also discussed.

0.4.7 Computer-assisted proofs of reachability for finite-dimensional control systems

Chapter IV is devoted to computer-assisted proofs of reachability in finite-dimensional linear
systems. It presents ongoing work aiming to:

• prove the reachability of a target set Yf
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• provide over-approximations (which contain the reachable set) and under-approximations
(included in it) of the reachable set.

In order to develop those, we rely on the computation of the separating functional J de-
scribed above, as well as on the discretisations studied in Chapter II. Since each computation
of J proves the non-reachability of a whole half-space, the computation of J at several points
well distributed around the origin permits the inclusion of the reachable set inside a bounded
intersection of half-spaces – a bounded polytope. Increasing the number of evaluations of J then
allows for tighter over-approximations of the reachable set.

Computing J also permits to prove the reachability of some targets: for a given polytopal
over-approximation P of the reachable set, recall that each facet of this polytope is contained
in a supporting hyperplane of the reachable set. Each facet thus contains at least one point of
the reachable set. One can then compute the intersection I(P ) of all convex sets with a point
in each facet of P , which is then necessarily included in the reachable set. If one has computed
the value of J at sufficiently many points, then this intersection I(P ) is nonempty (see Figure
IV.2). Increasing the number of hyperplanes then increases the size of this inner-approximation.
Furthermore, one can choose where to evaluate J in order to “guide” the expansion of I(P )
towards a target point and therefore conclude upon its reachability status.

Another method to compute under-approximations of the reachable set requires additional
information on the computation of J : recall that computation of J(pf ) for a given pf involves
the computation of the support function of the control constraints. Usually, this computation
is done using the knowledge of the control maximising the scalar product. One can then cal-
culate the state reached using this control, and computing the convex hull of all such points
allows for a more precise under-approximation of the reachable set (see Figure IV.4). Similarly,
one can adjust iteratively the evaluation points of J to study the reachability of a specific target.

Most evidently, such approximations of the reachable set require an extensive use of rigorous
numerics to compute them. Accounting for discretisation and rounding errors significantly
reduces the size of the under-approximations (see for instance Figures IV.8 and IV.9). On
another note, many algorithms need to be adapted to interval (or affine) arithmetic: for instance,
one has to switch between half-spaces to vertex definitions of polytopes, or to compute under
approximations of convex hulls. These are challenging problems which, to our knowledge, remain
unsolved. Chapter IV does not aim to provide a comprehensive treatment of the subject; rather,
it introduces the main problems and outlines ideas that may contribute to their resolution.

0.4.8 Outlook on future work and outline of the thesis

Non-reachability in finite dimension. Chapter II introduces the method for finite-dimensional
linear control systems: while we consider a large panel of linear systems, many remain to be con-
sidered. For instance, we believe that the method could be easily extended to non-homogeneous
non-autonomous systems y′(t) = A(t)y(t) + B(t)u(t) + v(t), at the cost of higher discretisation
errors. Similarly, time-dependent control constraints could be considered, as well as control
constraints for which the support function is not known explicitly – a new approximation would
then need to be quantified. Another lead would be to find regularisations of the separating
functional, allowing for higher order discretisation schemes.

The next major step would be to extend the method to nonlinear finite-dimensional systems.
As it is, it depends highly on the linearity of LT and on the convexity of the reachable set, such
an extension would thus require some major modifications. Until now we have only considered
support hyperplanes, one could consider tailoring those separating surfaces to each nonlinear
problem, for example using optimal control characterisations of adjoint systems such as the
Pontryagin Maximum Principle. Another lead could be to lift the system using Koopman’s
operator and consider the linear transport PDE whose resolution is equivalent to the one of
nonlinear ODE, and apply the method to the linear PDE in a manner similar to the one used
in Chapter III.
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Non-reachability in infinite-dimension. The question of linear PDEs is much more com-
plex, for it requires space-discretisation in addition to time-discretisation. In particular, we
have only considered continuous and coercive operators for parabolic equations: extensions to
other operators would be a first step for a more versatile methodology. Similarly to finite-
dimensional systems, the crux of the method is to obtain explicit and small discretisation errors:
an extension to hyperbolic PDEs would thus require a careful analysis of numerical schemes to
avoid discretisation errors blowing up with respect to the final time. As for finite-dimensional
systems, a simpler goal would be to tackle different parabolic systems, for instance including
time-dependent components or more complicated boundary conditions. Studying boundary con-
trols would as well be an interesting problem, made complex by the need of explicit discretisation
errors for which the unboundedness of operator B is problematic.

Reachability in finite-dimension. Another goal of future research is to develop a method-
ology for computer-assisted proofs of reachability in finite-dimension. This is more complex, for
it involves computing over-approximations of the reachable set, which is computationally heavy,
especially using interval arithmetic. A related task is to compute under-approximations of the
reachable set, which is even more computationally expensive. Since those approximations only
rely on the computation of the separating functional, these methods could be extended in the
same way as the non-reachability study to time-dependent systems. However, both nonlinear
systems and infinite-dimensional systems seem unattainable: the first because the reachable set is
nonconvex, and the latter because it could only provide finite-dimensional under-approximations
of the infinite-dimensional reachable set.

Outline of the thesis. This thesis is divided into four parts: Chapter I introduces many useful
frameworks that will be needed for the main parts of the thesis: operator and semigroup theories,
convex analysis, approximation theory and rigorous numerics. In Chapter II, we formalise the
method described above for finite-dimensional control problems, and apply it to the study of
non-reachability. In Chapter III, we extend this method to tackle the non-reachability of infinite-
dimensional linear parabolic control problems. Finally, Chapter IV presents ongoing work to
obtain computer-assisted proofs of reachability for finite-dimensional control problems.

0.5 Résumé de la thèse . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this section, we shall translate the contents of Section 0.4 into French.

Cette thèse est vouée à l’étude de systèmes linéaires autonomes de contrôle : nous considérons
un opérateur A générateur d’un semi-groupe fortement continu, ainsi qu’un opérateur continu
B, formant le système

y′(t) = Ay(t) +Bu(t) pour presque tout t ∈ [0, T ],
y(0) = y0 ∈ Y0,

u(t) ∈ U pour presque tout t ∈ [0, T ].
(S)

Ici, U représente des contraintes sur le contrôle, Y0 ⊂ X un ensemble de conditions initiales
et Yf ⊂ X un ensemble cible. En général, nous faisons les hypothèses suivantes :

U ⊂ U est non vide, fermé, convexe et borné
Yf ⊂ X est non vide, fermé, convexe
Y0 ⊂ X est non vide, fermé, convexe et borné.

(0.5.1)

Nous considérons également des hypothèses légèrement plus faibles, voir (0.5.18).

Dans cette thèse, un ensemble cible Yf est dit U-atteignable depuis Y0 en temps T s’il existe
un couple condition initiale - cible (y0, yf ) ∈ Y0 × Yf tel que yf est U-atteignable en temps
T depuis y0. Cette définition est non conventionnelle, mais coïncide avec la définition usuelle
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quand Y0 et Yf sont des singletons.

L’objectif central de cette thèse est de répondre à la question suivante :

Pour un système linéaire de contrôle soumis à des contraintes bornées U sur le contrôle,
des ensembles initial Y0 et cible Yf , et un temps final T ,

Yf est-il U-atteignable en temps T depuis Y0 ?

Nous limiterons notre étude à des contrôles en boucle ouverte, et nous focaliserons principa-
lement sur des preuves de non-atteignabilité, ce qui en particulier empêche l’atteignabilité en
boucle fermée.

Le résumé de cette thèse est divisé comme suit :

• Les sous-sections 0.5.1 et 0.5.2 se concentrent sur un problème d’analyse convexe : nous
étudions une fonctionnelle J caractérisant la séparation entre deux ensembles convexes, et
relions son évaluation à l’existence d’un point commun aux deux ensembles

• Ensuite, les sous-sections 0.5.3 et 0.5.4 introduisent une méthodologie appliquant J à
l’étude d’atteignabilité pour des systèmes de contrôle linéaires

• Les sous-sections 0.5.5, 0.5.6 et 0.5.7 présentent les principaux résultats de cette thèse,
chaque sous-section étant dédiée à un chapitre de cette thèse (chapitres II, III et IV)

• Finalement, la sous-section 0.5.8 présente les perspectives de cette thèse ainsi que son plan.

0.5.1 Analyse convexe

Nous commençons donc par présenter la méthodologie d’un point de vue d’analyse convexe : voir
la section I.2 pour une présentation plus détaillée de cette théorie. Soit X un espace de Hilbert
et deux ensembles convexes non vides R,Y ⊂ X. Nous nous concentrons ici sur la question
suivante :

Est R ∩ Y vide ? (0.5.2)
C’est une question classique d’analyse convexe, qui peut être reformulée comme un problème

d’optimisation convexe :
π := inf

x∈X
δR(x) + δY(x), (P)

où δC est l’indicatrice convexe d’un ensemble C, valant 0 sur C et +∞ en dehors. Ce problème
d’optimisation quelque peu brut permet de répondre à la question (0.5.2) dans le sens suivant :

R ∩ Y 6= ∅ ⇐⇒ π = 0. (0.5.3)
Il va de soi que ce problème d’optimisation pourrait être régularisé de multiples façons tout

en conservant cette propriété, mais sa forme simple actuelle nous suffira ici.
Une autre manière d’aborder (0.5.2) est d’utiliser un argument de séparation tel que le théo-

rème d’Hahn-Banach : en supposant que{
R et Y sont non vides, fermés et convexes
R ou Y est borné,

(0.5.4)

on a l’équivalence

R ∩ Y = ∅ ⇐⇒ ∃ p ∈ X, sup
x∈R

〈p, x〉 < inf
y∈Y

〈p, y〉. (0.5.5)

Posons σC : p 7→ supx∈C〈p, x〉 la fonction de support d’un ensemble convexe fermé C, et

J :
{
X → R
p 7→ σR(p) + σY(−p).

(0.5.6)
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Figure 0.3 : Séparation de R et Y avec J .

J quantifie la séparation entre R et Y (voir l’illustration en Figure 0.3), elle sera parfois
appelée fonctionnelle de séparation. Comme J est 1-homogène, le problème de minimisation

d := inf
p∈X

J(p) (D)

peut uniquement avoir deux valeurs : 0 ou −∞. Sous les hypothèses (0.5.4), l’équivalence
(0.5.3) tient également :

R ∩ Y 6= ∅ ⇐⇒ d = 0. (0.5.7)

De fait, les deux problèmes de minimisation – le problème primal (P) et le problème dual (D)
– sont liés par la dualité de Fenchel-Rockafellar : celle-ci garantit leur dualité faible, c’est-à-dire

π ≥ −d. (0.5.8)

Sous les hypothèses (0.5.4), la dualité forte découle du théorème de Fenchel-Rockafellar
[Roc67] (voir le théorème I.24).

π = −d. (0.5.9)

Au cours de cette thèse, nous mettrons à profit cette dualité, et tout particulièrement la
fonctionnelle J , pour développer des preuves assistées par ordinateur pour certifier des approxi-
mations de J , puis pour en déduire des certificats de (non-)atteignabilité. Dans la prochaine
sous-section, nous donnons quelques détails quant à l’évaluation rigoureuse de la fonctionnelle
de séparation.

0.5.2 Calcul certifié de la fonctionnelle séparatrice

Par la suite, nous nous placerons sous les hypothèses (0.5.4), à savoir que R et Y sont des
ensembles convexes, fermés et non vides, et que de plus R est borné. Malgré les équivalences
entre l’existence d’un point dans R∩Y et les précédents problèmes de minimisation, l’absence de
régularité de ceux-ci complique l’obtention d’informations supplémentaires sur les fonctionnelles
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primales et duales. Dans cette thèse, nous abordons cette question en évaluant la fonctionnelle
J , avec deux objectifs :

• si l’on trouve p ∈ X satisfaisant J(p) < 0, alors (0.5.7) implique que R ∩ Y = ∅

• si au contraire suffisamment d’informations sont déduites de multiples évaluations de J
pour prouver sa positivité sur X, alors (0.5.7) implique que R ∩ Y 6= ∅.

Remarquons que si la première option ne nécessite qu’une information locale sur J , la seconde
requiert une information globale, significativement plus complexe à obtenir à partir d’évaluations
locales. Puisque dans les applications à la théorie du contrôle il n’existe généralement pas de for-
mule explicite de J , il faut alors estimer rigoureusement J à l’aide d’approximations numériques.
Cela nécessite notamment de borner explicitement les erreurs entre J et son approximation Jd ;
ce dernier est potentiellement non défini sur X tout entier.

L’approximation numérique de J fait apparaître deux types d’erreurs distincts : des erreurs
d’approximation d’une part, et d’arrondi d’autre part. Tout d’abord, les erreurs d’approximation
consistent avant tout en des erreurs de discrétisation (en temps et/ou espace) d’équations aux
dérivées ordinaires ou partielles. Cela revient donc à trouver une fonction d’erreur explicite ed

telle que

∀ (pf , pfh), |J(pf ) − Jd(pfh)| ≤ ed(pf , pfh). (0.5.10)

En particulier, il faut donc non seulement calculer un ordre de convergence de Jd vers J avec les
paramètres de discrétisation, mais également s’assurer que l’ensemble des constantes impliquées
dans cette convergence ont une forme explicite et soient aussi optimisées que possible.

Le second type d’erreurs intervenant apparaît lors du calcul numérique de Jd : celui-ci re-
quiert généralement des représentations en nombres flottants de précision finie, sujettes aux
erreurs d’arrondi. Celles-ci dépendent d’un nombre important de paramètres indépendants de
R et Y (ordinateur, langage et environnement de programmation par exemple) et sont donc
complexes à borner. Dans cette thèse, nous bornons ces erreurs à l’aide de la bibliothèque de
calcul rigoureux INTLAB codée sous MATLAB par le Professeur S. Rump [Rum99]. Cette bi-
bliothèque met à disposition des codes d’arithmétique d’intervalles, une méthode permettant la
propagation certifiée d’erreurs d’arrondi à l’aide d’intervalles – voir la section I.4 pour plus de
détails sur ces méthodes.

L’objectif final est donc de fournir des bornes rigoureuses et explicites ed(pf , pfh) des erreurs
de discrétisation

J(pf ) ∈ [Jd(pfh) − ed(pf , pfh), Jd(pfh) + ed(pf , pfh)], (0.5.11)

et d’arrondi ea(pfh)

Jd(pfh) ∈ [J̃d(pfh) − ea(pfh), J̃d(pfh) + ea(pfh)], (0.5.12)

où J̃d(pfh) est l’évaluation numérique de Jd(pfh) sujette aux erreurs d’arrondis. Il en découle
que

J(pf ) ∈ [J̃d(pfh) − ed(pf , pfh) − ea(pfh), J̃d(pfh) + ed(pf , pfh) + ea(pfh)], (0.5.13)

dont il faut ensuite déduire des informations sur l’existence d’un élément dans R ∩ Y.

0.5.3 Application à l'étude d'atteignabilité

Appliquons à présent cette méthode à l’analyse d’atteignabilité. Rappelons le système contrôlé
y′(t) = Ay(t) +Bu(t) pour presque tout t ∈ [0, T ],
y(0) = y0 ∈ Y0,

u(t) ∈ U pour presque tout t ∈ [0, T ],
(S)
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ainsi que sa solution

y : t 7→ Sty0 + Ltu. (0.5.14)

Il s’ensuit qu’un ensemble cible Yf ⊂ X est U-atteignable si et seulement si

∃u ∈ EU ,∃ (y0, yf ) ∈ Y0 × Yf , ST y0 + LTu = yf , (0.5.15)

ou de manière équivalente si
LTEU ∩

(
Yf − ST Y0

)
6= ∅, (0.5.16)

où

Yf − ST Y0 = {yf − ST y0, (y0, yf ) ∈ Y0 × Yf }. (0.5.17)

Sous les hypothèses que{
LTEU est non vide, convexe, fermé et borné
Yf − ST Y0 est non vide, convexe et fermé,

(0.5.18)

nous pouvons appliquer les résultats des sous-sections précédentes pour étudier l’atteignabilité
de Yf . Remarquons que des hypothèses suffisantes plus aisément vérifiables sont les suivantes :

U ⊂ U est non vide, convexe, fermé et borné,
Yf ⊂ X est non vide, convexe, et fermé,
Y0 ⊂ X est non vide, convexe, fermé et borné.

(0.5.19)

De fait, une hypothèse suffisante plus faible sur les contraintes que EU pourrait être considé-
rée : il suffit que EU soit non vide et faiblement compact. En effet, un résultat classique donne
la faible compacité de LTEU , et un autre plus profond garantit sa convexité – voir [LM86, Théo-
rème 1A, théorème 3 et lemme 4A dans la section 2.2] pour une preuve en dimension finie, ou
[LY12, Chapitre 7, section 5.1] en dimension infinie.

D’autre part, Yf − ST Y0 ne doit être que convexe et fermé pour garantir la séparation avec
LTEU , mais cette dernière hypothèse requiert le caractère borné de Y0 pour s’assurer de la fer-
meture de ST Y0.

Dans le contexte d’analyse d’atteignabilité, la fonctionnelle de séparation est donc

J :
{
X → R
pf 7→ σLT EU (pf ) + σYf −ST Y0(−pf ),

(0.5.20)

et il s’ensuit de la sous-section 0.5.1 le théorème suivant :

Théorème 0.5. Pour le système (S), où U représente des contraintes non vides, convexes
et faiblement compactes, et Yf − ST Y0 est non vide, convexe et fermé, ce qui prouve que

Yf est U-atteignable depuis Y0 en temps T ⇐⇒ ∀ pf ∈ X, J(pf ) ≥ 0. (0.5.21)

0.5.4 Calcul de J

Pour des systèmes contrôlés, l’ensemble est généralement inconnu, et par conséquent il en va de
même pour sa fonction support σLT EU . Heureusement, une propriété bien connue des fonctions
supports, couplée à la linéarité de LT , nous permets de nous ramener à la fonction support des
contraintes. Celles-ci étant indépendantes du temps, s’ensuivent les égalités suivantes :

∀ pf ∈ X, σLT EU (pf ) = σEU (L∗
T pf ) =

∫ T

0
σU
(
L∗

T pf (t)
)

dt. (0.5.22)
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D’autres propriétés classiques nous permettent de séparer σYf −ST Y0 en deux pour obtenir
finalement

∀ pf ∈ X, J(pf ) =
∫ T

0
σU
(
L∗

T pf (t)
)

dt+ σY0(S∗
T pf ) + σYf

(−pf ). (0.5.23)

Sous l’hypothèse que les fonctions supports de U , Yf et Y0 sont connues (ce qui est le cas pour
la plupart des cas d’études), cette expression est approximable, permettant alors une approche
certifiée telle que décrite dans la sous-section 0.5.2. Nous présentons maintenant une méthode
générale de discrétisation de J : remarquons qu’en introduisant l’équation adjointe{

p′(t) +A∗p(t) = 0 pour presque tout t ∈ [0, T ]
p(T ) = pf ,

(0.5.24)

J se reformule en

∀ pf ∈ X, J(pf ) =
∫ T

0
σU (B∗p(t)) dt+ σY0(p(0)) + σYf

(−pf ). (0.5.25)

Cette formulation permet de réduire la discrétisation de J à celles d’une intégrale en temps et
d’une équation différentielle linéaire. Celle-ci dépendant beaucoup du contexte (EDO ou EDP),
nous la détaillerons dans les prochaines sous-sections. Néanmoins, remarquons que dans les cas
standards où U n’est pas réduit à un singleton, σU est uniquement Lipschitz, ce qui nous conduira
à ne considérer des discrétisations en temps d’ordre 1 uniquement.

Les sous-sections suivantes résument respectivement les contributions principales des chapitres
II, III et IV.

0.5.5 Preuves assistées par ordinateur de non-atteignabilité pour des systèmes de contrôle de
dimension finie

Dans le chapitre II, nous nous intéressons à la non-atteignabilité en dimension finie. Ce chapitre
est une copie quasiment à l’identique de l’article Computer-assisted proofs of non-reachability
for finite-dimensional linear control systems co-écrit avec Camille Pouchol, Yannick Privat et
Christophe Zhang [Has+24], et accepté pour publication par SIAM Journal of Control and Op-
timisation en mai 2025.

Dans cet article, nous considérons le système contrôlé de dimension finie suivant :
y′(t) = Ay(t) +Bu(t) pour presque tout t ∈ [0, T ],
y(0) = y0 ∈ Rn,

u(t) ∈ U pour presque tout t ∈ [0, T ],
(S)

où A ∈ L(Rn,Rn) et B ∈ L(Rm,Rn) sont des matrices et U ⊂ Rm est compact (borné par
M > 0). En particulier, les semigroupes (St)t≥0 sont donc des exponentielles de matrices (etA)t≥0
et aucune discrétisation en espace n’est nécessaire.

Cet article exploite la contraposée du théorème 0.3 qui s’écrit, pour Yf non vide, fermée et
convexe :

Yf n’est pas U-atteignable depuis y0 en temps T ⇐⇒ ∃ pf ∈ Rn, J(pf ) < 0. (0.5.26)

Un tel pf est alors appelé certificat dual de non-atteignabilité. Par rapport aux méthodes déjà
considérées dans la littérature, l’objectif n’est pas de produire des approximations de l’ensemble
atteignable mais de fournir des certifications rigoureuses que la cible n’est pas atteignable. Cet
objectif plus simple nous permet de développer une méthodologie générale applicable à une
multitude de problèmes de contrôle de dimension finie. Cette méthodologie repose sur trois
étapes consécutives :

• la discrétisation de J et la majoration explicite des erreurs de discrétisation ed
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• la minimisation de J∆t à l’aide d’algorithmes primal-dual, jusqu’à l’obtention d’un certi-
ficat dual pf satisfaisant J∆t(pf ) < 0

• le calcul certifié de J∆t(pf ) en utilisant de l’arithmétique d’intervalles pour majorer les
erreurs d’arrondis ea, pour arriver à la conclusion que J(pf ) ≤ J∆t(pf ) + ea(pf ) + ed(pf ).

Une autre conséquence intéressante de cette méthode est la preuve de minorants de temps
minimaux d’atteignabilité. Cela découle immédiatement du lemme classique suivant :

Lemme 0.6. Supposons que U ∩ ker(B) 6= ∅, et que y0 = 0 ou yf = 0. Si yf n’est pas
U-atteignable en temps T , alors il ne l’est pas non plus pour tout T̃ ≤ T . Par conséquent,
en notant le temps minimal d’atteignabilité

T ?(y0, yf ,U) = inf
{
T > 0, yf est U-atteignable depuis y0 en temps T

}
∈ [0 + ∞],

celui-ci satisfait T ?(y0, yf ,U) ≥ T .

Pour discrétiser J , plusieurs cas sont distingués en fonction de la matrice A. Tout d’abord, si
une formule explicite de la solution de (0.5.24) existe (à l’aide par exemple d’une décomposition
de Dunford de A), la discrétisation de J se réduit à la discrétisation de l’intégrale en temps. Celle-
ci est effectuée à l’aide d’une méthode des rectangles (rappelons que l’intégrande a uniquement
une régularité Lipschitz). La proposition II.9 et son corollaire II.10 présentent des discrétisations
du type

J∆t(pf ) =
N0−1∑
k=0

σU
(
B∗ek∆tA∗

pf

)
+
〈
y0, e

T A∗
pf

〉
+ σYf

(−pf ), (0.5.27)

montrant des résultats de la forme de

|J(pf ) − J∆t(pf )| ≤ 1
2∆tMTϕ(T )‖B‖‖A∗pf ‖, (0.5.28)

où ϕ est typiquement le produit d’un polynôme et d’une exponentielle en T , dépendant des
valeurs propres de A.

Si la solution de (0.5.24) n’est pas connue, sa discrétisation est nécessaire. Sous l’hypothèse
que A est semidéfinie négative, nous considérons un schéma d’Euler implicite (rétrograde en
temps) : {

pN0 = pf

(Id −∆tA∗)pk = pk+1, ∀ k ∈ {0, . . . , N0 − 1}.
(0.5.29)

Pour cette discrétisation, la Proposition II.14 montre alors l’erreur de discrétisation suivante :

|J(pf ) − J∆t(pf )| ≤ ∆t‖A∗pf ‖
(
TM‖B‖ + 1

2‖y0‖
)
. (0.5.30)

Pour mettre à profit le théorème 0.5, il faut ensuite trouver un certificat dual de non-
atteignabilité pf , ce que nous faisons en “minimisant” J∆t. Pour cela, nous utilisons l’algorithme
primal-dual décrit dans [CP11], qui utilise la dualité intrinsèque du problème décrite en (0.5.9)
pour fournir une convergence rapide. Cette méthode est finalement appliquée avec succès sur
trois exemples, dans la section II.4 :

• dans la sous-section II.4.2, nous considérons un exemple jouet en dimension 2 modélisant
le mouvement d’un Tramway. L’ensemble atteignable de cet exemple étant explicite, nous
pouvons l’utiliser pour démontrer l’efficacité de notre approche.

• dans la sous-section II.4.3, nous abordons un exemple plus complexe en dimension 4 mo-
délisant le déplacement d’une navette spatiale relativement à une station spatiale. Voir par
exemple la figure II.4 qui démontre la capacité de l’approche à calculer avec précision des
minorants de temps minimaux d’atteignabilité
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• finalement, la sous-section II.4.4 présente un exemple plus abstrait étudiant l’applicabilité
de la méthode sur des systèmes de contrôle de plus grande dimension.

Chaque résultat présenté dans ces sous-sections a été démontré rigoureusement à l’aide d’arith-
métique d’intervalles, et les certificats duaux de non-atteignabilité pf ainsi que les valeurs de
J(pf ) sont fournis.

0.5.6 Preuves assistées par ordinateur de non-atteignabilité pour des systèmes de contrôle pa-
raboliques

Le chapitre III présente un article co-écrit avec Camille Pouchol, Yannick Privat et Christophe
Zhang, en cours de finalisation pour une soumission à un journal scientifique.

Dans ce chapitre, nous étendons la méthode pour étudier la non-atteignabilité de systèmes
contrôlés paraboliques de la forme

y′(t) = Ay(t) +Bu(t) pour presque tout t ∈ [0, T ],
y(0) = y0 ∈ X,

u(t) ∈ U pour presque tout t ∈ [0, T ],
(S)

où V ⊂ X ⊂ V ′ est un triplet de Gelfand, avec V et X des espaces de Hilbert de dimension
infinie. A : V → V ′ est un opérateur de domaine D(A) = {x ∈ V,Ax ∈ X}. Dénotons U un
autre espace de Hilbert, avec B : U → X un opérateur borné. Ici encore, U ⊂ U est non vide,
convexe, fermé et borné (de borne M > 0), et les ensembles cibles Yf seront non vides, fermés
et bornés.

Dans l’esprit de la méthode en dimension finie, nous voulons utiliser (0.5.26) pour prouver la
non-atteignabilité d’ensembles cibles et calculer des minorations de temps minimaux d’atteigna-
bilité, dans une large classe de systèmes contrôlés paraboliques. Toutefois, à notre connaissance
aucune preuve assistée par ordinateur d’analyse d’atteignabilité en dimension infinie n’a été
considérée dans la littérature.

Le cadre infini-dimensionnel de l’espace d’état complique significativement l’étude de la fonc-
tionnelle de séparation J , requérant sa discrétisation en espace en sus de sa discrétisation en
temps. Notamment, les résultats développés dans ce chapitre découlent de multiples théories,
telles que la théorie des opérateurs, la théorie des semigroupes et la théorie de l’approximation :
voir les sections I.1 et I.3 pour une brève introduction de ces théories.

Dans une première partie (section III.2), nous décrivons une discrétisation de J en temps et
espace basée sur la formulation variationnelle de l’équation adjointe (0.5.24). Pour cela, nous
supposons la continuité et la coercivité de l’opérateur −A∗, et considérons une famille d’espaces
de discrétisation Vh ⊂ V indexée par un paramètre h > 0. Nous supposons également que Vh

vérifie l’hypothèse standard d’approximation :

∀ f ∈ X, inf
vh∈Vh

‖A−1f − vh‖V + inf
vh∈Vh

‖(A∗)−1f − vh‖V ≤ C0 h‖f‖X , (V1)

où C0 ≥ 0 est une constante qu’il nous faudra connaître explicitement par la suite. Sur Vh, nous
discrétisons A en Ah, et résolvons l’équation adjointe (0.5.24) en temps en la discrétisant avec
un schéma d’Euler implicite. À l’aide de théorie de l’approximation et de résultats qualitatifs
sur les opérateurs accrétifs, nous obtenons le résultat suivant (voir Proposition III.9) :

‖p(tn) − ph,n‖ ≤ C1‖pf − pfh‖ + (C2h
2 + C3∆t)‖A∗pf ‖, (0.5.31)

où ∆t > 0 et h > 0 sont les paramètres de discrétisation en temps et espace, et où toutes les
constantes sont explicites et dépendant uniquement des constantes de continuité et coercivité de
−A∗ ainsi que de C0. En considérant cette discrétisation, on obtient la discrétisation suivante
de la fonctionnelle de séparation J :
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J∆t,h(pfh) =
N0−1∑
k=0

σU
(
B∗(Id −∆tAh)−kpfh

)
+
〈
y0, (Id −∆tAh)−N0pfh

〉
+ σYf

(pfh). (0.5.32)

Par la suite, nous utilisons ce résultat pour en déduire une majoration des erreurs de discré-
tisation sur J (voir le théorème III.11) :

|J(pf ) − J∆t,h(pfh)| ≤
(

1
2M‖B‖T∆t+ (‖y0‖ +M‖B‖T )

(
C2h

2 + C3∆t
))

‖A∗pf ‖

+
(
C4(‖y0‖ +M‖B‖T ) + ‖yf ‖

)
‖pf − pfh‖.

(0.5.33)

Remarquons que dans les deux majorations (0.5.31) et (0.5.33), pfh ∈ Vh et pf ∈ D(A∗).
Comme l’inclusion Vh ∈ D(A∗) n’est pas obligatoire, tout pfh ∈ Vh obtenu par un algorithme de
minimisation doit par la suite être interpolé en pf ∈ D(A∗) pour pouvoir appliquer (0.5.33) et
certifier la valeur de J(pf ). Par conséquent, la méthodologie décrite dans la sous-section 0.5.5
doit être complétée avec les étapes suivantes :

• la minimisation de J∆t,h sur Vh doit être précédée de la preuve de l’estimée (V1) sur l’espace
de discrétisation Vh

• afin de calculer les erreurs de discrétisation finales, il faut interpoler pfh en pf ∈ D(A∗)
pour pouvoir vérifier que J(pf ) < 0 à l’aide de (0.5.33) et d’arithmétique d’intervalles.

Dans la section (III.3), nous appliquons cette méthodologie pour fournir des preuves de non-
atteignabilité sur deux exemples basés sur l’équation de la chaleur. Dans les deux cas, nous
discrétisons l’espace d’état à l’aide d’éléments finis P1, puis interpolons avec des splines cubiques ;
voir la section I.3 pour des détails sur ces espaces.

À l’aide de ces résultats, nous étudions d’abord l’équation de la chaleur en une dimension
munie de conditions au bord de Dirichlet homogènes. Pour illustrer la précision de la méthode,
un cas simple avec contraintes L2 symétriques et B = Id est traité. Ensuite, d’autres types
de contraintes (L∞, positives) et restrictions de zones d’actions du contrôle (B = χω) sont
considérées, menant à des preuves de non-atteignabilité et des calculs de minorants de temps
minimaux d’atteignabilité pour divers ensembles cibles ; voir par exemple les figures III.2 et III.3.

Ensuite, nous étudions un exemple faisant intervenir deux équations de la chaleur couplées,
une seule étant contrôlée par un contrôle soumis à des contraintes L∞ asymétriques. Nous
prouvons l’estimée (V1), puis prouvons la non-atteignabilité d’une boule centrée en 0 (voir la
figure III.4 pour une illustration des conditions initiales et certificat dual de non-atteignabilité).
Nous prouvons également la non-atteignabilité d’un ensemble cible non borné de la forme {yf }×
L2(0, 1).

Dans tous les exemples susmentionnés, les preuves assistées par ordinateur utilisent de l’arith-
métique d’intervalles rigoureusement codée pour tenir compte des erreurs d’arrondi. Les certifi-
cats duaux de non-atteignabilité ainsi que les intervalles contenant les valeurs de J sont fournis
et commentés vis-à-vis des divers paramètres. Les erreurs de discrétisation et d’arrondi sont
également mentionnées séparément lorsque leur importance relative est remarquable.

0.5.7 Preuves assistées par ordinateur d'atteignabilité pour des systèmes de contrôle de dimen-
sion finie

Le chapitre IV est dédié aux preuves assistées par ordinateur d’atteignabilité des systèmes li-
néaires contrôlés de dimension finie. Il présente des travaux en cours visant à

• prouver l’atteignabilité d’un ensemble cible Yf

• fournir des approximations de l’ensemble atteignable R, tant extérieures (qui le contiennent)
qu’intérieures (qui sont contenues dedans).
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Pour développer ces approximations, nous exploitons à nouveau des évaluations de la fonc-
tionnelle de séparation J décrite dans les sous-sections précédentes, ainsi que les discrétisations
étudiées dans le chapitre II. Étant donné que chaque évaluation de J prouve la non-atteignabilité
d’un demi-espace, l’évaluation de J à plusieurs points distribués de manière relativement ho-
mogène autour de l’origine permet l’inclusion de l’ensemble atteignable dans une intersection
bornée de demi-espaces : un polytope borné. Augmenter alors le nombre d’évaluations permet
d’affiner l’approximation extérieure de l’ensemble atteignable R.

D’autre part, évaluer J permet également de prouver l’atteignabilité de certaines cibles :
rappelons que pour chaque évaluation de J , un hyperplan support de R est découvert, contenant
nécessairement un point de R (qui est supposé convexe, fermé, borné). Il s’ensuit que chaque
face de l’approximation extérieure polytopale P de R contient un point de R, et l’intersection
I(P ) de tous les ensembles convexes contenant un point dans chaque face de P est elle-même
incluse dans R. Si J a été évaluée à suffisamment de points, I(P ) est non vide (voir Figure IV.2),
et augmenter le nombre d’évaluations augmente le volume de cette approximation intérieure.
La question de comment choisir optimalement les évaluations de J pour “guider” l’expansion
de I(P ) est également considérée : cela permettrait notamment le développement de méthodes
pour montrer l’atteignabilité d’un ensemble cible.

Une autre méthode permettant le calcul d’approximations intérieures de R requiert des infor-
mations supplémentaires : rappelons que le calcul de J nécessite le calcul de la fonction support
des contraintes. Ce calcul est généralement effectué à l’aide d’une formule explicite du contrôle
maximisant le produit scalaire. Il est alors possible de calculer l’état atteint par le système di-
rigé par ce contrôle, et ainsi d’en déduire une approximation intérieure définie par l’enveloppe
convexe de tous ces points. Cette approximation intérieure est alors plus précise que celle pré-
cédemment mentionnée (voir Figure IV.4). Tout comme précédemment, la question du choix
optimal des évaluations de J est discutée.

Toutes ces approximations de l’ensemble atteignable nécessitent évidemment un usage intensif
de preuves assistées par ordinateur, qui s’accompagnent d’une réduction (resp. augmentation)
drastique de la taille des approximations intérieures (resp. extérieures) : voir les figures IV.8
et IV.9. D’autre part, de nombreux algorithmes nécessiteraient une adaptation à l’arithmétique
d’intervalles (ou arithmétique affine) : par exemple, pour calculer les approximations tant inté-
rieures qu’extérieures, il est souvent nécessaire de passer de représentations des polytopes comme
intersections de demi-espaces à des représentations comme enveloppe convexe des sommets. Ces
algorithmes sont complexes par nature, et à notre connaissance leur adaptation à l’arithmétique
d’intervalles reste à faire. Le chapitre IV ne vise aucunement à présenter une étude approfon-
die et complète de ce sujet, mais plutôt à introduire les problèmes principaux et des pistes de
résolution.

0.5.8 Perspectives et plan de la thèse

Non-atteignabilité en dimension finie. Le chapitre II introduit la méthode pour des
systèmes linéaires de dimension finie. L’article traite simultanément une grande variété de
systèmes, mais de nombreux autres restent à être traités. Par exemple, nous pensons qu’il
serait aisé d’étendre notre méthode à des systèmes non-autonomes non-homogènes y′(t) =
A(t)y(t)+B(t)u(t)+v(t), au prix d’erreurs de discrétisation plus élevées. De fait, des contraintes
sur le contrôle dépendantes du temps pourraient être considérées de manière similaire, tout
comme des contraintes dont la fonction support est inconnue mais approximable (cette approxi-
mation devrait alors être à son tour quantifiée explicitement). Une autre piste serait d’explorer
des régularisations de la fonctionnelle de séparation, permettant d’obtenir des schémas de dis-
crétisation en temps d’ordre supérieur.

L’étape suivante serait d’étendre la méthode à des systèmes non-linéaires : telle quelle, la mé-
thode dépend fortement sur la linéarité de LT et la convexité de l’ensemble atteignable ; une telle
extension nécessiterait donc de sévères changements. Toujours dans l’esprit d’une fonctionnelle
de séparation, d’autres surfaces séparatrices pourraient être considérées, et adaptées à chaque
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système non-linéaire (rappelons que pour l’instant seuls des hyperplans étaient considérés) ; ces
surfaces pourraient être déterminées par exemple à l’aide d’outils venant du contrôle optimal,
par exemple les caractérisations des équations adjointes comme le Principe du Maximum de
Pontryagin. Une autre piste serait de considérer l’EDP de transport linéaire associée au système
via l’opérateur de Koopman, et appliquer la méthode à l’EDP linéaire d’une manière similaire
à celle employée dans le chapitre III.

Non-atteignabilité en dimension infinie. Comme vu précédemment, les preuves assistées
par ordinateur pour la non-atteignabilité de systèmes contrôlés en dimension infinie sont rendues
significativement plus complexes par la nécessité d’une discrétisation en espace en complément
de celle en temps. En particulier, nous n’avons étudié que des équations paraboliques avec des
opérateurs continus et coercifs, donc une première piste d’extension serait de considérer d’autres
opérateurs. Tout comme en dimension finie, le point essentiel de la méthodologie est l’obten-
tion de majorations d’erreurs explicites et petites : une extension aux équations hyperboliques
requerrait donc une analyse minutieuse des schémas de discrétisation pour éviter une explosion
des erreurs de discrétisation avec le temps final. Un premier objectif serait donc de s’attaquer
à d’autres systèmes linéaires paraboliques, en incluant par exemple des dépendances en temps
ou des conditions aux bords plus complexes. Une étude de contrôle au bord serait également
intéressante, mais est significativement compliquée par le caractère non borné de B, jusqu’alors
nécessaire pour rendre explicites les erreurs de discrétisation.

Atteignabilité en dimension finie. Tel qu’exposé précédemment, un autre objectif des re-
cherches à venir est le développement d’une méthodologie pour certifier numériquement l’attei-
gnabilité d’un ensemble cible en dimension finie. Ceci est d’autant plus complexe qu’il requiert le
calcul d’approximations extérieures de l’ensemble atteignable, ce qui est très coûteux et particu-
lièrement avec de l’arithmétique d’intervalles. Un but similaire encore plus coûteux est le calcul
d’approximations intérieures de l’ensemble atteignable. Comme ces approximations ne dépendent
que des évaluations de la fonctionnelle J , les mêmes extensions que pour la non-atteignabilité
en dimension finie pourraient par la suite être considérées. En revanche, les cas non linéaires
ou les systèmes en dimension infinie semblent à ce stade inenvisageables : les premiers du fait
de la non-convexité de l’ensemble atteignable, et les seconds car seuls des sous-ensembles de
dimension finie d’un ensemble atteignable de dimension infinie pourraient être calculés.

Plan de la thèse. Cette thèse est divisée en quatre chapitre successifs. Le chapitre I intro-
duit de nombreuses théories et outils mathématiques essentiels pour les parties principales de la
thèse : théorie des opérateurs et des semigroupes, analyse convexe, théorie de l’approximation
et calculs numériques certifiés seront ainsi successivement introduits. Le chapitre II formalise
alors la méthode décrite dans l’introduction et l’applique à la non-atteignabilité des systèmes de
dimension finie. Ensuite, le chapitre III étend cette méthode pour aborder la non-atteignabilité
des systèmes linéaires paraboliques. Finalement, le chapitre IV présente des travaux en cours vi-
sant à formaliser des preuves assistées par ordinateur d’atteignabilité pour des systèmes linéaires
contrôlés de dimension finie.
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In this chapter, we will introduce a few essential tools to develop the computer-assisted proofs
in the following chapters. Each section is independent, even though some choices will be justi-
fied with a reference to other sections. Note in particular that some notations may be reused
from one section to another while changing of properties (in particular, A will denote a coercive
operator in section I.3, and its opposite in section I.1).

Firstly, Section I.1 will introduce some results of operator theory, along with estimates bound-
ing the norms of functions of operators. These will prove determinant for the upper-bounding of
discretisation errors of the partial differential equations in Chapter III, as well as some properties
in the finite-dimensional part.

Some notions of semigroup theory will also be presented: definitions and characterisations of
C0 semigroups of contraction will be recalled. These properties are omnipresent in the infinite-
dimensional part of the thesis (Chapter III), and underlie many properties of the rest of the
thesis.

Next, Section I.2 we present standard definitions and properties of convex functionals. We
give details about the separation argument central to the whole non-reachability approach of the
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thesis, as well as algorithms used to solve primal-dual problems. Regularisations available to in-
crease their rates of convergence and obtain nice properties of the minimisers are also considered.

In Section I.3, we introduce classical discretisation and interpolation spaces, and discuss their
advantages and drawbacks. Some known estimates will be proved, paying attention to the
tracking and optimisation of constants, whose knowledge and smallness is fundamental to all
computer-assisted proofs based on discretisations.

Finally, in Section I.4, we will present the rigorous numerical methods used to tackle the
round-off errors omnipresent in every numerical computation. In particular, different techniques
minimising the so-called wrapping effect as well as the computation time of the functional J
central to our approach will be introduced.

All along this chapter, X will denote a Hilbert space endowed with inner product 〈·, ·〉X and
norm ‖ · ‖X . All our assumptions are concerned with a complex Hilbert space X, while our
separation argument is stated within a real Hilbert space, also denoted by X. This is because
all our (non-)reachability results will be about initial conditions, targets, equations which are in
R, while discussing fine properties of operators requires the complex world.

Hence, with a slight abuse of notation, the state space X will stand either for Rn or Cn in
the finite-dimensional case, either for real-valued L2 functions or complex-valued functions in
the infinite-dimensional case. Of course, we could instead have stated our separation argument
in the complex Hilbert space setting, but at the expense of keeping the real part of all inner
products throughout.

The topological dual X ′ = L(X,C) (or L(X,R)) will be endowed with its natural norm
‖ · ‖L(X,C) (respectively ‖ · ‖L(X,R)). All these subscripts may be dropped if no confusion is
possible.

A will generally denote a linear operator defined on a subspace of D(A) ⊂ X, but its precise
definition and properties will vary from section I.1 (A : D(A) → X generator of a C0 semigroup
of contractions) to section I.3 (coercive and continuous operator A : V ⊂ X → V ′).

I.1 Semigroups and operator theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this first section, we will introduce tools and recall results from operator theory and semigroup
theory. Even though X will denote a Hilbert space, some of the results can be applied in Banach
spaces. These results will prove useful in Chapter III for the study of discretisation errors.

I.1.1 Operator theory

In this section we introduce a few elements of operator theory. Proofs and details can be found,
for example, in [BCL99] or [Haa06]. We first recall basic definitions.

Definition I.1. Consider an unbounded linear operator A : D(A) ⊂ X → X. A is said to
be bounded (or continuous) if D(A) = X and if there exists c > 0 such that

‖Ax‖ ≤ c‖x‖ ∀x ∈ D(A),

and closed if for all convergent sequence xn → x in D(A) such that Axn converges to y,
then x ∈ D(A) and y = Ax. Furthermore, we define the resolvent set, the spectrum and
the numerical range of A as

ρ(A) =
{
λ ∈ C, (λ Id −A)−1 is a bounded linear operator in X

}
(I.1.1)

σ(A) = C \ ρ(A) (I.1.2)
W (A) = {〈Ax, x〉, x ∈ D(A), ‖x‖ = 1} . (I.1.3)
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A few interesting properties of those sets are the following:

Theorem I.2. Let A be a closed unbounded operator. Its numerical rangeW (A) is convex,
and for all λ ∈ ρ(A)\W (A),

‖(λ Id −A)−1‖ ≤ 1
dist(λ,W (A))

. (I.1.4)

If furthermore A is bounded, then

σ(A) ⊂ W (A). (I.1.5)

We now introduce sectorial operators, and functions of those operators, leading to Theorem
I.7, which will prove crucial to bound discretisation errors in Chapter III.

Definition I.3. Let α ∈ [0, π
2 ]. We say that A is mα-accretive, or sectorial with angle α if

W (A) ⊂ Sα := {z ∈ C, | arg z| ≤ α} , (I.1.6)

and
∀ z /∈ Sα, z Id −A is an isomorphism from D(A) to X. (I.1.7)

If α = π
2 , A is said to be m-accretive.

This definition allows for the definition of rational functions, and in turn holomorphic func-
tions, of operators. Note that weaker definitions have been considered in the literature, we refer
to [Haa06] for bountiful details.

Remark I.4. Notice that in our Hilbert framework, (I.1.7) follows automatically from
(I.1.6) using Theorem I.2. Notice as well that continuous and coercive operators are always
sectorial – we will take advantage of this property in Chapter III.

In the following propositions, we introduce functions of sectorial operators.

Proposition I.5. Assume that A is mα-accretive, with α ∈ [0, π
2 ]. Let n ∈ N, and

(αj)j∈{1,...,n} a sequence of complex numbers in C\Sα ⊂ ρ(A). Let as well (mj) ∈ (N∗)n,
and (rj)j∈{1,...,n}, r(∞) ∈ C. Define the rational function

r :

C → C
z 7→ r(∞) +

∑n
j=1

rj

(αj−z)mj .
(I.1.8)

One can then define the operator r(A) as

r(A) = r(∞) Id +
n∑

j=1
rj(αj Id −A)−mj , (I.1.9)

which has domain D(r(A)) = X.

Proposition I.6. For α ∈ [0, π
2 ], let f a holomorphic function in Sα, continuous and

bounded on Sα, such that f is the limit of a uniformly convergent sequence of rational
functions (rn)n∈N with poles in C \ Sα, that is,

lim
n→+∞

sup
z∈Sα

|f(z) − rn(z)| = 0. (I.1.10)
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(rn(A))n∈N then converges in operator norm towards a limit that we define as f(A).

Note that this proposition is an alternative to the formal definitions of exponentials t 7→
exp(−tA) of mα-accretive operators A – in other words, semigroups.

Theorem I.7 (Crouzeix-Delyon [CD03]). For α ∈ [0, π
2 ], let f be a holomorphic function

in Sα, continuous and bounded on Sα. The following estimate holds

‖f(A)‖L(X) ≤ Cα sup
z∈Sα

|f(z)|, (I.1.11)

where
π

2 ≤ C0 ≤ 2 + 2√
3

and π sinα
2α ≤ Cα ≤ min

(
π − α

α
,C0

)
. (I.1.12)

This result is one of the numerous results estimating the norms of functions of operators. See
also [Cro07; CP17; CG19] and the references therein for different cases of bounded / unbounded
operators, which numerical ranges are included in various complex domains.

I.1.2 Semigroup theory

Semigroups are the infinite-dimensional adaptation of the matrix exponentials in the sense that
they naturally solve equations of the type y′ = Ay. Notice that for A a given sectorial operator,
Proposition I.6 guarantees that the family of operators (exp(−tA))t≥0 is well defined on X. The
theory of semigroups of linear operators, that we will study in this section, extends this definition
and analyses the properties of such functions. We do not claim to offer a comprehensive review
of the field, and refer to classical references such as [Paz12; EN06]. For more general results of
functional analysis, one can consult [BCL99; Haa06].

Definition I.8. A family (T (t))t≥0 of operators from X to X is a semigroup if

• T (0) = Id,

• ∀ t, s ≥ 0, T (t+ s) = T (t)T (s).

Furthermore, it is said to be strongly continuous, or simply C0, if

∀x ∈ X, lim
t→0+

T (t)x = x. (I.1.13)

Finally, it is said to be a semigroup of contractions if

∀ t ≥ 0, ‖T (t)‖ ≤ 1. (I.1.14)

Definition I.9. Given (T (t))t≥0 a semigroup, the linear operator A defined by

D(A) =
{
x ∈ X, lim

t→0+

T (t)x− x

t
exists

}
(I.1.15)

and
∀x ∈ D(A), Ax = lim

t→0+

T (t)x− x

t
(I.1.16)

is called the infinitesimal generator of the semigroup (T (t))t≥0.
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Theorem I.10 (Hille-Yosida). An operator (A,D(A)) in a Hilbert space X is the infinites-
imal generator of a C0 semigroup of contractions (T (t))t≥0 if and only if

1. R∗
+ ⊂ ρ(A)

2. ∀λ > 0, ‖(A − λ Id)−1‖ ≤ 1
λ .

Remark I.11. Note that if A satisfies that −A is mα-accretive for α ∈ [0, π
2 ], then it is

easy to check using Theorem I.2 that the conditions of Hille-Yosida’s theorem hold and
thus prove that A generates a C0 semigroup of contractions.

Using the following definition and Theorem I.13, one can link semigroups of contractions with
sectorial operators.

Definition I.12. We say that A is dissipative if for all x ∈ D(A), Re 〈Ax, x〉 ≤ 0. In other
words, that −A is m-accretive.

Theorem I.13 (Lumer-Phillips). Let X be a Hilbert space, and A be an operator defined
on D(A), which is included and dense in X. We have the following equivalence:

• A is dissipative and there exists λ0 > 0 such that λ0 ∈ ρ(A)

• A is closed, and both A and A∗ are dissipative

• A generates a C0 semigroup of contractions on X.

Note that both those theorems can be applied to obtain more general bounds on semigroups:
where semigroups of contractions “only” require a general bound by 1, it is sometimes preferred
to obtain bounds of the type exp(−ωt) for ω > 0. This can easily be obtained using the previous
theorems by shifting the operators (and the hypotheses) by ω Id.

I.2 Convex Analytic Tools . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Many core components of this thesis rely on convex analysis. Therefore, this section will intro-
duce its most crucial elements. In all this section (and this section only), we consider that X is
a real-Hilbert space (see Page 32 for details). All results would still hold in the complex setting,
at the cost of adding a real part when needed. We shall also identify X and its dual X ′, and,
unless specified otherwise, the topology considered for X will be the weak topology.

Most results will not be proved, we refer to standard textbooks, for example [Roc70], [Rud91],
[BC11] or [Sch13].

I.2.1 Preliminary definitions

Let f : X → R.

Definition I.14. Recall the standard definitions:

• f is proper if there exists x ∈ X such that f(x) < +∞ and if every x ∈ X satisfies
f(x) > −∞

• f is convex if for all x, y ∈ X, for all λ ∈ [0, 1], f(λx+(1−λ)y) ≤ λf(x)+(1−λ)f(y)

• f is lower semi-continuous if for all x0 ∈ X, lim inf
x→x0

f(x) ≥ f(x0).

35



I
:

To
ol
s

I
:

To
ol
s

We define Γ0(X) as the functional space of proper, convex and lower semi-continuous
functions from X to R.

From now on we will assume f ∈ Γ0(X). We define the convex conjugate of f as

f∗ :

X → R
y 7→ sup

x∈X
〈y, x〉 − f(x). (I.2.1)

Theorem I.15 (Fenchel-Moreau). Let f ∈ Γ0(X). Then f∗ ∈ Γ0(X) and (f∗)∗ = f .

Two kinds of convex functional will be especially useful in this thesis:

Definition I.16. Let C ⊂ X. Define the indicator of C as

δC :


X → R

x 7→
{

0 if x ∈ C

+∞ if x /∈ C,

(I.2.2)

and its support function as:

σC = δ∗
C :

X → R
y 7→ sup

x∈C
〈y, x〉. (I.2.3)

Proposition I.17. We have the equivalence:

δC ∈ Γ0(X) ⇐⇒ C is nonempty, convex and closed. (I.2.4)

Proposition I.18. Let C ⊂ X be nonempty, closed, convex and bounded. Then σC is a
M -Lipschitz functional, where M = supx∈C ‖x‖.

Proof. It is easily seen that

∀x, y ∈ X, σC(x) ≤ σC(x− y) + σC(y) ≤ M‖x− y‖ + σC(y), (I.2.5)

which clearly implies that

∀x, y ∈ X, σC(x) − σC(y) ≤ M‖x− y‖, (I.2.6)

and a symmetry argument concludes that σC is M -Lipschitz.

The following theorem, which is a direct consequence of Theorem I.20 when A = {x}, char-
acterises closed convex sets:

Theorem I.19. Let C ⊂ X be closed, convex. Then, for x ∈ X,

x ∈ C ⇐⇒ ∀ y ∈ X, 〈y, x〉 ≤ σC(y). (I.2.7)

A similar result, whose proof can be found in [Rud91, Theorem 3.4] is the following:

Theorem I.20 (Hahn-Banach). Suppose A and B are disjoint, nonempty, convex sets. If
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A is (weakly) compact and B is closed, there exist pf ∈ X such that

sup
a∈A

〈pf , a〉 < inf
b∈B

〈pf , b〉. (I.2.8)

Note that the converse is true: existence of a strictly separating hyperplane guarantees that
the two sets are disjoint. Using the vocabulary of this thesis, the Hahn-Banach Theorem can
obviously be rewritten as follows: suppose that A and B are nonempty convex sets in a real-
valued Hilbert space X, and assume that A is weakly compact and B closed. Then

A ∩B = ∅ ⇐⇒ ∃ pf ∈ X, σA(pf ) + σB(−pf ) < 0. (I.2.9)

The converse implication is the cornerstone of the computer-assisted proofs of non-reachability
in this thesis, while the direct one guarantees the sharpness of our approach. In the following
theorem, we present a more precise characterisation, along with a proof.

Theorem I.21. SupposeA andB are nonempty, convex sets such thatA is weakly compact
and B is closed. Then there exist x? ∈ A and y? ∈ B such that

‖x? − y?‖ = inf
(x,y)∈A×B

‖x− y‖. (I.2.10)

Denoting p? = y? − x?, we then have that

σA(p?) + σB(−p?) = −‖p?‖2 = ‖p?‖ inf
‖pf ‖≤1

σA(pf ) + σB(−pf ). (I.2.11)

Finally, the following statements are equivalent:

1. A ∩B 6= ∅

2. x? = y?

3. σA(p?) + σB(−p?) ≥ 0

4. ∀ pf ∈ X, σA(pf ) + σB(−pf ) ≥ 0.

Remark I.22. It follows from this theorem that

dist(A,B) = − inf
‖pf ‖≤1

σA(pf ) + σB(−pf ), (I.2.12)

which gives another intuition of why this is true.

Proof. Consider (xn, yn) a minimising sequence of (I.2.10). Then, by weak-compactness of A,
(xn) converges weakly, up to a subsequence, to a x? ∈ A. Let us denote y? = ΠBx

?. Since the
norm is weakly lower semicontinuous, it follows that

inf
(x,y)∈A×B

‖x− y‖ = inf
y∈B

‖x? − y‖ = ‖x? − y?‖ = inf
x∈A

‖x− y?‖, (I.2.13)

and thus x? = ΠAy
? and the pair (x?, y?) is optimal.

Let us now prove (I.2.11). Recall the classical characterisation of the projection on a closed
convex set:

x? = ΠAy
? ⇐⇒ ∀x ∈ A, 〈x− x?, y? − x?〉 ≤ 0 = 〈x? − x?, y? − x?〉. (I.2.14)

It follows that

σA(p?) = sup
x∈A

〈x, y? − x?〉 = sup
x∈A

〈x− x?, y? − x?〉 + 〈x?, y? − x?〉 = 〈x?, p?〉. (I.2.15)
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Similarly,
σB(−p?) = −〈y?, p?〉. (I.2.16)

This entails that σA(p?) + σB(−p?) = −‖p?‖2. To prove the right-hand equality of (I.2.11),
notice that for any pf ∈ X

σA(pf ) + σB(−pf ) = sup
x∈A

〈x, pf 〉 + sup
y∈B

〈y,−pf 〉

≥ sup
(x,y)∈A×B

〈x, pf 〉 − 〈y, pf 〉 = sup
(x,y)∈A×B

〈x− y, pf 〉

≥ sup
(x,y)∈A×B

−‖x− y‖‖pf ‖ = −‖pf ‖ inf
(x,y)∈A×B

‖x− y‖

≥ −‖pf ‖‖p?‖.

Let us now prove the equivalences: (1) and (2) are evidently equivalent by definition of the
projection. The equivalence of (2), (3) and (4) follows immediately from (I.2.11) and from the
1-homogeneity of support functions.

In this thesis, we are concerned with the special case happening when B is the image of a
convex set through a linear map, particularly relevant in linear control theory. In the following
sections, we will therefore focus on this setting, and start by introducing the Fenchel-Rockafellar
framework, which provides interesting properties of strong duality, as well as another proof of
Theorem I.21.

I.2.2 Fenchel-Rockafellar duality

In this section we consider two Hilbert spaces E and X linked by a bounded linear operator
K : E → X. For f ∈ Γ0(E) and g ∈ Γ0(X), we study the minimisation problem

inf
x∈E

f(x) + g(Kx). (I.2.17)

Proposition I.23. Introducing the dual minimisation problem

inf
y∈X

f∗(K∗y) + g∗(−y). (I.2.18)

we have a weak duality property linking the two minimisation problems (I.2.17) and
(I.2.18):

inf
x∈E

f(x) + g(Kx) ≥ − inf
y∈X

f∗(K∗y) + g∗(−y). (I.2.19)

Under weak conditions, this inequality becomes an equality. The following theorem was first
proved in [Roc67]:

Theorem I.24 (Rockafellar). Assume that

∃ y ∈ E, g∗(−y) < +∞ and f∗ is continuous at K∗y. (I.2.20)

Then strong duality holds, in the sense that

inf
x∈E

f(x) + g(Kx) = − inf
y∈X

f∗(K∗y) + g∗(−y). (I.2.21)

Furthermore, should that infimum be finite, then the primal problem (I.2.17) admits a
minimiser.

Remark I.25. The condition (I.2.20) is a sufficient but not necessary condition for the
strong duality. See [Roc67] or [BC11] for more general conditions.
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It follows from this theorem that, given E ⊂ E and Y ⊂ X two convex sets, and K : E → X
and assuming that E is weakly compact and Y is closed (ensuring that (I.2.20) is verified) the
following formulations are equivalent:

• KE ∩ Y 6= ∅

• infu∈E δE(u) + δY(Ku) = − infpf ∈X σKE(pf ) + σY(−pf ) = 0.

Under those conditions, one can wonder how to find the minimisers of these two minimisation
problems. This is the objective of the following section.

I.2.3 Saddle-point algorithms

The combination of the two problems (I.2.17) and (I.2.18) can reformulated as the following
generic saddle-point problem

inf
x∈E

sup
y∈X

〈Kx, y〉 + f(x) − g∗(y). (I.2.22)

This formulation has been extensively studied in the literature, but we shall here only present
one widely used primal-dual algorithm, presented in [CP11], whose content is summarised in
Algorithm I.1.

Algorithm I.1: Chambolle-Pock algorithm [CP11]
Data: τ, σ > 0 with τσ‖K‖2 ≤ 1, n ∈ N, (x0, y0) ∈ E ×X
Result: xn, yn

1 x0 = x0;
2 k = 0;
3 while k < n do
4 yk+1 = − proxσg∗(−yk + σKxk) ;
5 xk+1 = proxτf (xk + τK∗yk+1) ;
6 xk+1 = 2xk+1 − xk;

This algorithm makes use of proximal operators, defined as follows: for f ∈ Γ0(X),

proxf :
{
X −→ X

x 7−→ argminy∈X

{
1
2‖x− y‖2 + f(y)

}
.

(I.2.23)

This function is well defined because the functional minimised is strongly convex and thus admits
exactly one minimiser.

One can either compute the proximal operator of f or of its Fenchel conjugate, thanks to
Moreau’s identity:

∀x ∈ E, x = proxτf (x) + τ proxτ−1f∗(x
τ

). (I.2.24)

In particular, one can easily compute the proximal operators associated to indicator and
support functions:

Proposition I.26. Let C be a convex and closed subset of X. Denoting ΠC the orthogonal
projection on C, we have

∀x ∈ X, proxδC
(x) = ΠC(x) and proxσC

(x) = x− ΠC(x). (I.2.25)

Under the assumption of the existence of a saddle-point of (I.2.22), and assuming that
τσ‖K‖2 < 1 and θ = 1, the Chambolle-Pock algorithm I.1 has guaranteed convergence to-
wards a saddle-point – see [CP11] for details. When considering our problem of intersection
KE ∩ Y, it just so happens that the existence of a saddle-point is equivalent to KE ∩ Y 6= ∅.
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Thankfully, (I.2.9) entails that we do not need the convergence to solve the question of empti-
ness of KE ∩ Y – merely existence of a negative point. Nevertheless, we study in the next
section a regularisation of this problem that allows us to obtain convergence guarantees as well
as interesting properties of the dual minimiser.

I.2.4 Regularisation of the primal-dual problem

We shall consider here a family of regularisations of the dual problem (I.2.18) enhancing the
convexity of the functional, while preserving the sign property (I.2.9).

Proposition I.27. Assume that E is convex and weakly compact, and Y is convex, closed
and bounded. Given a closed operator A : D(A) → D(A) = X and a λ > 0, we have the
equivalence

∃ pf ∈ X, σKE(pf )+σY(−pf ) < 0 ⇐⇒ ∃ pf ∈ D(A), σKE(pf )+σY(−pf )+ λ

2 ‖Apf ‖2 < 0.
(I.2.26)

Furthermore, if there exists κ > 0 such that for all pf ∈ D(A), ‖Apf ‖ ≥ κ‖pf ‖, the
following minimisation problem admits a unique minimiser p?

f ∈ D(A):

inf
pf ∈D(A)

σKE(pf ) + σY(−pf ) + λ

2 ‖Apf ‖2. (I.2.27)

Proof. The equivalence (I.2.26) follows easily from the 1-homogeneity of support functions: since
the reverse implication is obvious, assume the left-hand side, that is, the existence of pf ∈ X
such that σKE(pf ) + σY(−pf ) < 0. Then since both KE and Y are bounded, Proposition I.18
guarantees that σKE +σY is Lipschitz continuous, and by density of D(A), there exists p?

f ∈ D(A)
such that σKE(p?

f ) + σY(−p?
f ) < 0. Taking µ > 0, we finally have that

1
µ

(
σKE(µp?

f ) + σY(−µp?
f ) + λ

2 ‖µAp?
f ‖2
)

= σKE(p?
f ) + σY(−p?

f ) + µλ

2 ‖Ap?
f ‖2, (I.2.28)

which converges to σKE(p?
f ) + σY(−p?

f ) < 0 as µ converges to 0. This concludes the existence of
q ∈ D(A) such that

σKE(pf ) + σY(−pf ) + λ

2 ‖Apf ‖2 < 0. (I.2.29)

This functional’s restriction on D(A) being continuous (because KE and Y are bounded), and
strongly convex by assumption, the existence and uniqueness of the minimiser of (I.2.27) follows.

This regularisation favours dual variable small with respect to high singular values of A, which
can prove essential. To apply the algorithm mentioned in the last section, one can compute the
appropriate primal problem (in the sense of Fenchel-Rockafellar duality), which satisfies the
hypotheses of Rockafellar’s Theorem I.24:

inf
u∈E

δE(u) + 1
2λ dist‖A−1·‖(LTu,Y)2, (I.2.30)

where dist‖A−1·‖(x,Y) = infy∈Y ‖A−1(x− y)‖ ∈ R∪ {+∞} for all x ∈ X. The primal problem is
also regularised, while preserving the properties of nonnegativity and equality to zero whenever
u ∈ E and Ku ∈ Y.

Denoting σ̃Y = σY + λ
2 ‖A·‖2, we compute the proximal operators of the regularised functionals:

∀ pf ∈ X, proxσ̃Y (pf ) = (Id +λA∗A)−1 (pf − ΠY(pf )), (I.2.31)

and prox∗
σ̃Y

can be computed using Moreau’s identity (I.2.24). For this new primal-dual problem,
[CP11] proves the convergence of Algorithm I.1, as well as adapted algorithms for uniformly
convex functionals guaranteeing better rates of convergence. The regularisation parameter λ
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also increases the speed of convergence: in essence, for the adapted version of Chambolle-Pock’s
algorithm in finite-dimensional spaces E and X, the rate of convergence is of the form O( 1

λN ),
where N is the number of iterations.

Another benefit from regularisation is to obtain properties on the minimiser. In our context,
the main result is the following, stating that the minimiser’s direction is independent of the
regularisation parameter λ. It is a consequence of the following lemma:

Lemma I.28. Let f : X → R and g : X → R be two convex continuous functions such
that

∀α ≥ 0,∀x ∈ X,

{
f(αx) = αf(x)
g(αx) = α2g(x).

(I.2.32)

Assume furthermore that g is positive outside of 0. Then, denoting Sg = {s ∈ X, g(s) = 1},

inf
x∈X

f(x) + λ

2 g(x) = − 1
2λ sup

s∈Sg

(min(f(s), 0))2 , (I.2.33)

and if the sup is reached, then:

∃ p? ∈ X, ∀λ > 0, ∃ r > 0, f(rp?) + λ

2 g(rp
?) = inf

x∈X
f(x) + λ

2 g(x). (I.2.34)

Proof. We have that ∀x ∈ X such that g(x) < +∞, there exists r > 0, s ∈ Sg such that x = rs.
Letting λ > 0, Note now that

inf
x∈X

f(x) + λ

2 g(x) = inf
x∈X

g(x)<+∞

f(x) + λ

2 g(x)

= inf
r>0
s∈Sg

rf(s) + λ

2 r
2

= inf
s∈Sg

inf
r>0

rf(s) + λ

2 r
2

= inf
s∈Sg

−1
2λ
(

min(f(s), 0)
)2

= − 1
2λ sup

s∈Sg

(min(f(s), 0))2 .

(I.2.35)

Therefore, should the infimum be reached, the minimiser’s direction is therefore independent of
λ, which concludes the proof.

Furthermore, it is of course trivial that adding the regularisation in ‖Apf ‖2 cannot increase
the value of ‖Apf ‖ at the minimiser (if it exists) – in practice, the regularisation causes a
significant decrease.

Remark I.29. In this section, we have focused on the Fenchel duality formulation of the
problem of existence of a point in KE ∩Y. Notice that other algorithms could be considered
to tackle this problem, such as orthogonal projection based algorithms or minimisations of
appropriate functionals under constraints – for example, one could implement a projected
gradient descent or a Frank-Wolfe algorithm on the minimisation problem

inf
u∈E

1
2‖Ku− ΠY(Ku)‖2. (I.2.36)

However, it so happens that the Chambolle-Pock algorithm [CP11] is very well adapted
to our control theory setting, for it has good convergence rates, immediately provides the
appropriate dual certificate if KE ∩ Y = ∅ and allows for intuitive regularisations. All in
all, it is ideal for the multi-faceted computer-assisted proofs we develop.
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I.2.5 Convex sets, polars and polytopes

We shall not prove the results in this section: we refer to classical textbooks such as [Roc70],
[BC11] or [Sch13] for proofs. In this section only, we will consider X = Rn. The results we
introduce shall only be useful for Chapter IV.

I.2.5.a Convex sets and duality

Definition I.30. Consider a set C ⊂ X. C is said to be convex if

∀ (x, y) ∈ C, ∀λ ∈ [0, 1], λx+ (1 − λ)y ∈ C. (I.2.37)

An extreme point of C is an element z ∈ C that cannot be written as the convex combina-
tion λx+ (1 − λ)y for any x, y ∈ C and λ ∈ (0, 1).

Recall as well the definition of the convex hull:

Definition I.31. Let A ⊂ Rn. The convex hull of A is denoted conv(A) and defined as

conv(A) =
{
x ∈ Rn, ∃m ∈ N∗, ∃ (xi)i ∈ Am,∃ (λi)i ∈ (R+)n,

m∑
i=1

λi = 1,
m∑

i=1
λixi = x

}
.

Proposition I.32. Let A ⊂ Rn. The convex hull conv(A) ⊂ Rn is always convex, and
closed if A has finitely many elements. Furthermore,

conv(A) =
⋂

A⊂C⊂Rn

C is convex

C. (I.2.38)

Proposition I.33. Let C ⊂ Rn a nonempty, closed, bounded convex set. Then it is equal
to the convex hull of its extreme points.

Recall Theorem I.19, which hints that the study of convex sets is equivalent to the study of its
support function (for more details about this equivalence, see [BC11, Proposition 14.11]). We
now define the polar sets of convex sets, and study the duality between a convex and its polar.

Definition I.34. Let C be a nonempty set. Its polar C◦ is defined as the 1-sublevel set of
the support function of C, that is:

C◦ = {x ∈ Rn, σC(x) ≤ 1}. (I.2.39)

The polar of its polar is denoted C◦◦.

Let us list a few interesting properties of polar sets:

Theorem I.35. Let C ⊂ Rn. Then C◦ is convex, closed and 0 ∈ C◦. Moreover,

C◦◦ = conv(C ∪ {0}). (I.2.40)

It follows that if C is convex, closed and 0 ∈ C, then C◦◦ = C. Finally, we have the
equivalence:

0 ∈ Int(C) ⇐⇒ C◦ is bounded. (I.2.41)
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Proposition I.36. Let C1, C2 ⊂ Rn. If C1 ⊂ C2, then C◦
2 ⊂ C◦

1 . If both C1 and C2 are
convex, closed and contain 0, we furthermore have that

(C1 ∩ C2)◦ = conv(C◦
1 ∪ C◦

2 ) and (C◦
1 ∪ C◦

2 )◦ = C1 ∩ C2. (I.2.42)

Proposition I.37. Let C ⊂ Rn be a compact convex such that 0 ∈ Int(C). Then the
same goes for C◦, and

∀ p ∈ (Rn)∗, σC(p) > 0 and σC◦(p) > 0. (I.2.43)

Furthermore,
∀ p ∈ (Rn)∗, ∃ q ∈ (Rn)∗,

〈
p

σC(p) ,
q

σC◦(q)

〉
= 1 (I.2.44)

In addition, p
σC(p) ∈ ∂C◦ and q

σC◦ (q) ∈ ∂C.

I.2.5.b Convex polytopes

Among convex sets, we shall focus on convex polytopes, which are defined as follows:

Definition I.38. A convex polytope P ⊂ Rn is a closed convex set with a finite number
of extreme points – its vertices.

Since we shall only deal with convex polytopes, we shall simply refer to them as polytopes.
Polytopes have two useful characterisations:

Proposition I.39. A polytope can be characterised as the intersection of a finite number
of half-spaces (its H-representation): given (pj)j∈{1,...,m} ∈ (Rn)m its outer directions and
(bj) ∈ Rm:

P =
⋂

j∈{1,...,m}

{
x ∈ Rn, 〈pj , x〉 ≤ bj

}
.

If furthermore P is bounded, one can equivalently characterise it using its vertices (its
V-representation): given its vertices (yi)i∈{1,...,k} ∈ (Rn)k, P is their convex hull

P = conv((yi)i)

Note that even though those two representations of bounded polytopes are equivalent, the pas-
sage from one to another is a complicated task, referred as the vertex enumeration problem (from
H-representation to V-representation) and facet enumeration problem (from V-representation to
H-representation).

Remark as well that the H-representation needs not be unique, but there exists a minimum
number d of directions needed to define any polytope, and any H-representation having exactly
d directions is equal up to a positive multiplicative coefficient for each couple (pj , bj) and a
permutation on their order.

We shall use the following non-standard vocabulary:

Definition I.40. Let P ⊂ Rn be a bounded polytope, with vertices y = (yi)i∈{1,...,k} ∈
(Rn)k and H-representation: given (pj)j∈{1,...,m} ∈ (Rn)m and (bj) ∈ Rm. To each direction
(pj) is associated a facet Fj of the polytope:

Fj = P ∩ {x ∈ Rn, 〈pj , x〉 = bj} = conv((vi
j)i), (I.2.45)

where (vj
i )i ∈ y are the vertices bordering the facet.
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Note that a facet might be contained in a d-dimensional affine subspace, with 0 ≤ d ≤ n− 1,
and so this definition does not align with other definitions in the literature where a facet is
necessarily of dimension n − 1. We shall now introduce a few tools essential to the study of
polytopes: the support functions and the polar of a polytope.

Proposition I.41. Let P ⊂ Rn be a polytope defined by its V-representation (yi)i∈{1,...,k}.
Then

∀x ∈ Rn, σP (x) = max
i∈{1,...,k}

〈yi, x〉. (I.2.46)

Let us give a few properties of polytopes:

Proposition I.42. Let P1, P2 two polytopes. Then

• P1 ∩ P2 is a polytope, and a (not necessarily optimal) H-representation of P1 ∩ P2 is
the concatenation of their H-representations

• if P1 ∪ P2 is a convex, then it is a polytope, and its set of vertices is included in the
union of the vertices of P1 and P2.

For polytopes, we can characterise the polar sets more precisely:

Proposition I.43. Let P be a polytope and P ◦ its polar.
Assume (yi)i∈{1,...,k} are the vertices of P and (pj , bj)j∈{1,...,m} its H-representation. Then

• P ◦ is a polytope.

• if P is bounded, the H-representation of P ◦ is given by the (yi)i:

P ◦ =
m⋂

i=1
{x ∈ Rn, 〈yi, x〉 ≤ 1}

• if 0 ∈ P , then P ◦◦ = P and the vertices of P ◦ are
{

pj

bj
s.t. bj > 0, j ∈ {1, . . . ,m}

}
.

• if 0 ∈ IntP , then P ◦◦ = P , P ◦ is bounded and its V-representation is (pj

bj
)j .

For an illustration in the case where P is bounded and contains 0 in its interior, see Figure
I.1.

I.3 Approximation theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this section we shall focus on introducing some elements of approximation theory that will be
needed in Chapter III. Let X and V ⊂ X be two real or complex Hilbert spaces, with V densely
and continuously embedded into X, equipped with inner products 〈·, ·〉V , 〈·, ·〉X and associated
norms ‖ · ‖V and ‖ · ‖X . We also identify X with its dual X ′ to obtain the Gelfand’ triplet
V ⊂ X ⊂ V ′.

We will first introduce without proofs fundamental results of approximation of V with a
finite-dimensional subspace Vh ⊂ V . For proofs and more detailed results, we refer to standard
textbooks such as [QSS06] or [BCL99]. We will then present a few choices of approximations
spaces and give details about why and where they are useful in this thesis.
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Figure I.1: Example of a polytope (left panel) and its polar (right panel).

I.3.1 Fundamental results

Consider a bilinear continuous form a(·, ·) on V . Let a1 > 0 be its continuity constant and
furthermore assume them to be coercive with constant 0 < a0 ≤ a1:{

|a(u, v)| ≤ a1‖u‖V ‖v‖V ∀u, v ∈ V (continuity)
Re a(v, v) ≥ a0‖v‖2

V ∀ v ∈ V (coercivity).
(I.3.1)

Theorem I.44 (Lax-Milgram). Let f ∈ V ′. Under assumptions I.3.1, there exists a unique
u ∈ V satisfying

a(u, v) = f(v) ∀ v ∈ V. (I.3.2)

Using Riesz’s representation theorem, we can define of a bijective linear map A ∈ L(V, V ′)
through

a(u, v) = 〈Au, v〉V ∀u, v ∈ V, (I.3.3)

that is furthermore continuous and coercive in V , in the sense that{
|〈Au, v〉| ≤ a1‖u‖V ‖v‖V ∀u, v ∈ V (continuity)
Re 〈Av, v〉 ≥ a0‖v‖2

V ∀ v ∈ V (coercivity).
(I.3.4)

Note that this operator A of this section is in essence the opposite of the one used in section I.1.
From now on we also consider a finite-dimensional subspace Vh ⊂ V that aims at approximating
V when h → 0.

Lemma I.45 (Céa). Let u ∈ V and f = Au ∈ V ′, that is, they satisfy

a(u, v) = 〈f, v〉 ∀ v ∈ V, (I.3.5)

and let furthermore uh ∈ Vh solve

a(uh, v) = 〈f, vh〉 ∀ vh ∈ Vh. (I.3.6)

Under assumptions I.3.1, we have that

‖u− uh‖V ≤ a1
a0

inf
vh∈Vh

‖u− vh‖V . (I.3.7)
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If A (or a) is symmetric (or sesquilinear in the complex case), the following version of Céa’s
lemma holds:

Lemma I.46 (Céa). Under the same notations and hypotheses that Lemma I.45, and if
furthermore a(·, ·) is symmetric, then the following sharper estimate holds

‖u− uh‖V ≤
√
a1
a0

inf
vh∈Vh

‖u− vh‖V . (I.3.8)

In particular, should one define a bijective operator Ah : Vh → Vh defined by

∀uh, vh ∈ Vh, Ahuh ∈ Vh and 〈Ahuh, vh〉 = 〈Auh, vh〉, (I.3.9)

and also define Ph : X → Vh the orthogonal projection on Vh with respect to the inner product
of V – this is well defined because X ⊂ V ′ and the inner product on V and duality product on
V ′ × V identify. In that case, for all

u ∈ D(A) := {v ∈ V,Av ∈ X} , (I.3.10)

uh = A−1
h PhAu ∈ Vh satisfies (I.3.6) and therefore is a suitable candidate for Cea’s lemma, and

is a quasi-optimal approximation of u in Vh. To make this result more precise, we shall need
another assumption in the form of the following assumption on Vh: there exists C0 > 0 such
that

∀ f ∈ X, inf
vh∈Vh

‖A−1f − vh‖V + inf
vh∈Vh

‖(A∗)−1f − vh‖V ≤ C0 h‖f‖X . (V1)

A slightly stronger form – yet more intuitive – of (V1) is the following

∀u ∈ D(A),
{

infvh∈Vh
‖u− vh‖V ≤ C ′

0 h‖Au‖X

infvh∈Vh
‖u− vh‖V ≤ C ′′

0 h‖A∗u‖X ,
(I.3.11)

which is to be understood as Vh approximating elements of regularity D(A) ∪ D(A∗) in a O(h)
manner in the V -norm. These kinds of assumptions are very standard and can be found abun-
dantly in the literature (e.g. [QSS06]), and have intuitives (though fairly tedious) proofs in the
considered examples (they follow from I.51 for P1 finite elements, and I.58 for cubic splines).
Notice that when the value of the constants matter, (I.3.11) might provide smaller constants.

The following lemma proves that a consequence of (V1) is the approximation in a O(h2)
manner in the weaker X-norm for u ∈ D(A). In a similar manner, one could prove the same
lemma for u ∈ D(A∗).

Lemma I.47. Under (V1) and the preceding hypotheses on Vh and Ah, we have

∀ f ∈ X, ‖(A−1 − A−1
h Ph)f‖ ≤ C1h

2‖f‖, (H1)

where

C1 = a2
1C

2
0

a0

(
resp. C1 = a

3/2
1 C2

0
4√

a0
if (A,D(A)) is self-adjoint

)
. (I.3.12)

Proof. We shall only prove the lemma in the first case. If A is self-adjoint, the adjusted constant
derives from the exact same method but using Céa’s Lemma I.46 which yields Cc =

√
a1
a0

, and
noticing that (V1) simplifies into

∀ f ∈ X, inf
vh∈Vh

‖A−1f − vh‖V ≤ 1
2C0h‖f‖.

Let Ph : X → Vh be the orthogonal projection onto Vh, so that by definition

∀ (v, wh) ∈ X × Vh, Phv ∈ Vh and 〈Phv, wh〉 = 〈v, wh〉. (I.3.13)
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Let f ∈ X. Applying Céa’s Lemma I.45 to the maps

a :
{
V × V → C
(v, w) 7→ 〈Av, w〉

L :
{
V → C
v 7→ 〈v, f〉

(I.3.14)

we get
‖A−1f − A−1

h Phf‖V ≤ Cc inf
vh∈Vh

‖A−1f − vh‖, (I.3.15)

with Cc := a1
a0

. Notice that for all vh ∈ Vh

〈A(A−1f − A−1
h Phf), vh〉 = 〈f, vh〉 − 〈AA−1

h Phf, vh〉
= 〈f, vh〉 − 〈AhA−1

h Phf, vh〉 since A−1
h Phf ∈ Vh

= 〈f, vh〉 − 〈Phf, vh〉
= 0.

(I.3.16)

Using the Aubin-Nitsche trick, we let g ∈ X such that ‖g‖ = 1 and write

〈g,A−1f − A−1
h Phf〉 = 〈A∗(A∗)−1g,A−1f − A−1

h Phf〉
= 〈(A∗)−1g − vh,A(A−1f − A−1

h Phf)〉 ∀ vh ∈ Vh using (I.3.16)
≤ a1‖(A∗)−1g − vh‖V ‖A−1f − A−1

h Phf‖V ∀ vh ∈ Vh

≤ a1‖A−1f − A−1
h Phf‖V inf

vh∈Vh

‖(A∗)−1g − vh‖V .

(I.3.17)

Hence

‖A−1f − A−1
h Phf‖ = sup

g∈X
‖g‖=1

〈g,A−1f − A−1
h Phf〉

≤ a1‖A−1f − A−1
h Phf‖V sup

‖g‖=1
inf

vh∈Vh

‖(A∗)−1g − vh‖V .
(I.3.18)

Using the bounds (V1) and (I.3.15), we obtain

‖A−1f − A−1
h Phf‖ ≤ a1‖A−1f − A−1

h Phf‖V sup
‖g‖=1

C0h‖g‖ using (V1)

= a1C0h‖A−1f − A−1
h Phf‖V

≤ a1C0Cch
√
a0h inf

vh∈Vh

‖A−1f − vh‖V using (I.3.15)

≤ a1C
2
0Cch

2‖f‖ using (V1).

(I.3.19)

The result is proved, with C1 = a1C
2
0Cc = a2

1C2
0

a0
.

In order to implement the operator A on V , one only needs to define the discretised operator
Ah satisfying (I.3.9). This is the objective of the following standard proposition (for details, see
e.g. [Tho07, Page 7]).

Proposition I.48. Define (ϕi)i∈{1,...,dim Vh} a basis of Vh, and

Ih :
{
Rdim Vh → Vh

z 7→
∑N−1

i=1 ziϕi.
(I.3.20)

Ih is a bijection from Rdim Vh to Vh. Furthermore, define the two (N−1)×(N−1) matrices

M =
(
〈ϕi, ϕj〉X

)
(i,j)∈{1,...,N−1} and K =

(
〈Aϕi, ϕj〉X

)
(i,j)∈{1,...,N−1}. (I.3.21)

Henceforward, M will be called the mass matrix and K the stiffness matrix. The operator
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defined as

Ah :
{
Vh → Vh

uh 7→ Ih(M−1KI−1
h uh)

(I.3.22)

is a discretisation of A on Vh, in the sense that

∀uh, vh ∈ Vh, Ahuh ∈ Vh and 〈Ahuh, vh〉 = 〈Auh, vh〉. (I.3.23)

In the following sections, we shall focus on the case of the 1D heat equation, which is the
most common and useful scenario studied in Section III.3.3.

I.3.2 Approximation of the 1D heat equation

Let X = L2(0, 1), V = H1
0 (0, 1) ⊂ X. In this section, the bilinear form considered is defined as

a(·, ·) :
{
V × V → R
(u, v) 7→ a(u, v) = 〈u, v〉V = 〈u′, v′〉X .

(I.3.24)

As has been seen before, this bilinear form can be associated to a unique linear operator A :
V → V ′ such that

∀ (u, v) ∈ V 2, a(u, v) = 〈Au, v〉. (I.3.25)

On the subspace H1
0 (0, 1) ∩ H2(0, 1) =: D(A), this definition coincide with the opposite of the

Dirichlet laplacian with zero Dirichlet boundary conditions, that is, in our context:

∀u ∈ H1
0 (0, 1) ∩H2(0, 1), Au = −u′′. (I.3.26)

In particular, A is self-adjoint.

Proposition I.49. A is continuous and coercive with constants a0 = a1 = 1.

Proof. Let u, v ∈ D(A) = H1
0 (0, 1) ∩H2(0, 1). Then

|〈Au, v〉| = |〈∇u,∇v〉| ≤ ‖u‖V ‖v‖V , (I.3.27)

and
Re 〈Av, v〉 = Re 〈∇v,∇v〉 = ‖v‖2

V . (I.3.28)

As we have seen, to compute approximations of the solutions to the heat equation, one must
choose the discretisation space Vh on which to discretise A into Ah. The choice of Vh must be
made while keeping in mind the specific setting and aim of the discretisation. In our case, the
setting of II, that is computer-assisted proofs, require a careful treatment of errors, including:

• a “precise” approximation, meaning with small overall discretisation errors, both in rates
of convergence in time and space and in small constants associated to thoses rates

• a “well-conditioned” setting, that will keep round-off errors small even when considering
very fine discretisations

• the computation of ‖Apf ‖X for a given pf , obtained first through a minimisation process
and potentially through interpolation.

Two general options of discretisation emerge from these criteria : the first is the “simple”
one, consisting in discretising as simply as possible, for the simpler the space the smaller the
round-off errors will be. The primary example of such a space would be the P1 finite elements,
which have two apparent drawbacks: their small order of convergence (O(h) in V -norm) and
the fact that Vh 6⊂ D(A), which implies the need of interpolation in order to compute ‖Apf ‖X .
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The other option could be called the “convenient” one: contrarily to the first, it is regular
enough so that Vh ⊂ D(A), and its higher complexity allows for a higher order of convergence.
The primary example of this option would be cubic splines, which could converge in O(h3).
However, it has two main drawbacks: first, its complexity on one hand increases the dimension
of the subspace and the quantity of numerical computations (and thus, of round-off errors), and
on the other hand the order of convergence O(h3) requires a higher regularity of the minimiser
pf , namely pf ∈ D(A2). Since cubic splines are not that regular, they would themselves require
interpolation into, for example, heptic splines that are in D(A). But then the same remark can
apply: why not use heptic splines directly to obtain even better rates of convergence?

In an other direction, one could also consider requiring less regularity, for example pf ∈
D(A1/2), at the cost of lower rates of convergence. However, the rates thus obtained (essentially
O(h) in X-norm) would be prohibitive considering the extra-small error bounds we need for
computer-assisted proofs. Therefore, in the following sections we will mainly introduce P1 finite
elements, which were the main method to obtain computer-assisted proofs in this thesis. We will
also introduce the cubic and heptic splines and their surrounding context – cubic splines will be
used in Chapter III for interpolation purposes, and heptic splines could be used to interpolate
cubic splines.

I.3.2.a Finite elements

In this section we will focus on P1 finite elements in the one-dimensional case. These are the
simplest form of finite elements, and we shall here give a few well known lemmas, as well as
provide the proof with explicit constants that we require for the proofs of Chapter II. For a more
extensive study, we refer to standard textbooks, such as [QSS06; Tho07].

LetN ∈ N∗, h = 1
N and Vh the space of P1 finite elements on the grid {xi = ih, i ∈ {0, . . . , N}}:

Vh =
{
f ∈ V, f(0) = f(1) = 0 and ∀ i ∈ {0, . . . , N − 1}, f is affine on [xi, xi+1]

}
. (I.3.29)

Notice that one could just as well use a non-uniform mesh, and define h = maxi |xi+1 − xi|.
Denoting

∀ i ∈ {1, . . . , N − 1}, ϕi : x 7→


0 if x ≤ xi−1
1
h(x− xi−1) if xi−1 ≤ x ≤ xi

1
h(xi+1 − x) if xi ≤ x ≤ xi+1

0 if xi+1 ≤ x,

(I.3.30)

then (ϕi)i∈{1,...,N−1} is a basis of Vh (see Figure I.2).

x

y

1

0 h 2h 3h 4h 1· · ·

ϕ1 ϕ2 ϕ3

Figure I.2: P1 finite element basis functions.
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Proposition I.50. The mass matrix has coefficients:

∀ i, j ∈ {1, . . . , N − 1}, Mi,j = 〈ϕi, ϕj〉X =


2h
3 if i = j

h
6 if |i− j| = 1
0 if |i− j| ≥ 2,

(I.3.31)

and the stiffness matrix has coefficients:

∀ i, j ∈ {1, . . . , N − 1}, Ki,j = 〈Aϕi, ϕj〉X =


2
h if i = j

− 1
h if |i− j| = 1

0 if |i− j| ≥ 2.
(I.3.32)

We shall now prove a standard approximation result using P1 finite elements, which in turn
proves the assumption (V1) for Vh.

Proposition I.51. Let N ≥ 1, h = 1
N and xi = ih for i ∈ {0, . . . , N}. We have for all

f ∈ H2(0, 1) ∩H1
0 (0, 1), ∥∥∥∥∥f −

N−1∑
i=1

f(xi)ϕi

∥∥∥∥∥
V

≤ h√
2

‖f ′′‖X , (I.3.33)

and ∥∥∥∥∥f −
N−1∑
i=1

f(xi)ϕi

∥∥∥∥∥
X

≤ h2

2
√

2
‖f ′′‖X . (I.3.34)

Proof. Let p =
∑N−1

i=1 f(xi)ϕi, and let i ∈ {0, . . . , N − 1}. Remark that p′(x) = f(xi+1)−f(xi)
xi+1−xi

for all x ∈ (xi, xi+1). Since f is in H2(0, 1), it is in C1([0, 1]) and the mean value theorem
then guarantees the existence of θi ∈ (xi, xi+1) such that f ′(θi) = f(xi+1)−f(xi)

xi+1−xi
= p′(x) for all

x ∈ (xi, xi+1). The Cauchy-Schwarz inequality then entails∫ xi+1

xi

|f ′(x) − p′(x)|2 dx =
∫ xi+1

xi

|f ′(x) − f ′(θi)|2 dx =
∫ xi+1

xi

∣∣∣∣∫ x

θi

f ′′(t) dt
∣∣∣∣2 dx (I.3.35)

≤
∫ xi+1

xi

|θi − x|
∫ x

θi

|f ′′(t)|2 dt dx (I.3.36)

≤ 1
2
(
(xi+1 − θi)2 + (θi − xi)2

) ∫ xi+1

xi

|f ′′(t)|2 dt (I.3.37)

≤ 1
2(xi+1 − xi)2

∫ xi+1

xi

|f ′′(t)|2 dt. (I.3.38)

Summing over i achieves the first inequality. The second one is a direct consequence of the first,
using the Cauchy-Schwarz inequality on two subintervals to reduce the constant:∫ xi+1

xi

|f(x) − p(x)|2 dx =
∫ 1

2 (xi+xi+1)

xi

|f(x) − p(x)|2 dx+
∫ xi+1

1
2 (xi+xi+1)

|f(x) − p(x)|2 dx, (I.3.39)
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where ∫ 1
2 (xi+xi+1)

xi

|f(x) − p(x)|2 dx =
∫ 1

2 (xi+xi+1)

xi

∣∣∣∣∫ x

xi

(f ′(t) − p′(t)) dt
∣∣∣∣2 dx (I.3.40)

≤
∫ 1

2 (xi+xi+1)

xi

|x− xi|
∫ x

xi

|f ′(t) − p′(t)|2 dtdx (I.3.41)

≤ 1
8(xi+1 − xi)2

∫ xi+1

xi

|f ′(t) − p′(t)|2 dt (I.3.42)

≤ (xi+1 − xi)4

16

∫ xi+1

xi

|f ′′(t)|2 dt. (I.3.43)

Similarly, one can prove the same upper-bound for the integral on the second subinterval, which
leads to ∫ xi+1

xi

|f(x) − p(x)|2 dx ≤ (xi+1 − xi)4

8

∫ xi+1

xi

|f ′′(t)|2 dt. (I.3.44)

Summing over i and taking the square root, we arrive at the second inequality.

Since A is self-adjoint, using (I.3.33), one can easily see that (V1) is satisfied with C0 =
√

2.
As will be detailed in Chapter III, the main drawback of P1 finite elements lies in its limited

regularity. In particular, Vh 6⊂ D(A), which becomes problematic in Chapter III, as error bounds
on the discretisation depend on ‖Apf ‖ (see Proposition III.9). This will require interpolation of
these functions, and as will be seen in the next section, splines, especially cubic splines, are an
efficient way to do it.

I.3.2.b Splines: the general case

In this section, we shall study an interpolation method based on polynomial by part functions:
splines. We will not delve into the details of these methods, which have been extensively studied,
and will refer to standard textbooks such as [De 01]. Given the same mesh as was used for finite
elements, the n-spline space is the space of functions that are equal to polynomials of degree n
on each interval of the mesh:

$h
n :=

{
s : [0, 1] → R, ∀ i ∈ {0, . . . , N − 1}, s∣∣[xi,xi+1]

∈ Rn([xi, xi+1])
}
. (I.3.45)

We shall now prove the following theorem, which turns out to be especially useful in justifying
the use of splines in the context of interpolation P1 finite elements into the regular subspace
D(A) ⊂ V : in Chapter III, the theoretical discretisation error bounds depend on the norm
‖Apf ‖.

Lemma I.52. Let f ∈ Hm(0, 1). Let sf be the unique (2m− 1)-spline such that

sf ∈ Hm(0, 1) and ∀ (i, j) ∈ {0, . . . , N} × {0,m− 1}, s(j)
f (xi) = f (j)(xi). (I.3.46)

Then
‖f (m)‖2

L2(0,1) = ‖s(m)
f ‖2

L2(0,1) + ‖(f − sf )(m)‖2. (I.3.47)

Proof. We have

‖f (m)‖2
L2(0,1) = ‖f (m)‖2

= ‖s(m)
f + (f − sf )(m)‖2

= ‖s(m)
f ‖2 + 2

〈
s

(m)
f , (f − sf )(m)〉+ ‖(f − sf )(m)‖2.
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Moreover, sf and f − sf are both Cm−1 on each interval (xi, xi+1). Hence, doing m integration
by parts, we obtain

〈
s

(m)
f , (f − sf )(m)〉 =

Nx∑
i=0

∫ xi+1

xi

s
(m)
f (x)(f − sf )(m)(x) dx

=
Nx∑
i=0

[
(−1)m

∫ xi+1

xi

s
(2m)
f (x)(f − sf )(x) dx

+
n−1∑
j=0

[
s

(m+j)
f (x)(f − sf )(m−1−j)(x)

]xi+1

xi

 ,
which yields 0 since on one hand sf is a (2m− 1)spline, and hence its 2m-derivative is zero, and
on the other hand by definition of sf all the boundary terms cancel out. And finally

‖f (m)‖2
L2(0,1) = ‖s(m)

f ‖2
L2(0,1) + ‖(f − sf )(m)‖2. (I.3.48)

Theorem I.53. Let m ∈ N∗, let q = (qj
i )(i,j)∈{0,...,N}×{0,...,m−1}, and given indices I ⊂

{0, . . . , N} × {0, . . . ,m− 1}. Then among the m-times differentiable functions f matching
q in the following manner

∀ (i, j) ∈ I, f (j)(xi) = qj
i , (I.3.49)

(2m− 1)-splines will provide the L2-optimal option. More formally, we have that

inf
f∈Hm(0,1)

∀ (i,j)∈I, f (j)(xi)=qj
i

‖f (m)‖L2 = inf
s∈$h

2m−1∩Hm(0,1)
∀ (i,j)∈I, s(j)(xi)=qj

i

‖s(m)‖L2 . (I.3.50)

Furthermore all minimisers – if they exist – are (2m− 1)-splines.

Proof. Firstly, it follows immediately from Lemma I.52 that the minimiser, if it exists, is a
(2m − 1)-spline: indeed, should f ∈ Hm(0, 1) satisfy the constraints, then define sf to be the
(2m− 1) spline interpolating it. It follows that

‖s(m)
f ‖2

L2(0,1) ≤ ‖s(m)
f ‖2

L2(0,1) + ‖(f − sf )(m)‖2 = ‖f (m)‖2
L2(0,1). (I.3.51)

Notice furthermore that this inequality becomes an equality if and only if f (m) = s
(m)
f which

implies that f, sf are all equal up to a (m− 1)-spline. This (m− 1)-spline is bound to be zero
because sf (resp. its derivatives) agrees with f (resp. its derivatives) at all points (xi)i.

In the following sections, we shall focus on cubic splines (3-splines) and heptic splines (7-
splines) because of the advantageous optimal interpolation property provided by Theorem I.53
with respect to operators ∆ and ∆2. These unfortunately only have theoretical value: see
Remark III.14.

I.3.2.c Cubic splines

Here we shall focus cubic splines $h
3 , or more specifically on Sh

3 ⊂ $h
3 the subspace of C1 cubic

splines on the usual intervals [ih, (i+ 1)h] for i ∈ {0, . . . , N}. While $h
3 was of dimension 4N − 2

(recall that two dimensions are removed by the zero boundary conditions), and its usual basis
would consist of monomials of degrees 0, 1, 2 or 3 on each interval, Sh

3 is of dimension 2N , and
one of its basis is decomposed into (ψ0

i )i∈{1,...,N−1} determining the values of the spline on the
mesh, and (ψ1

i )i∈{0,...,N} determining the values of their derivative on the mesh: see Figures I.3
and I.4. These basis functions are formally defined as:
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∀ i ∈ {1, . . . , N − 1}, ψ0
i : x 7→


0 if x ≤ xi−1

− 2
h3 (x− xi−1)2(x− xi − h

2 ) if xi−1 ≤ x ≤ xi

2
h3 (x− xi + h

2 )(x− xi+1)2 if xi ≤ x ≤ xi+1

0 if x ≥ xi+1,

(I.3.52)

∀ i ∈ {1, . . . , N − 1}, ψ1
i : x 7→


0 if x ≤ xi−1
1

h3 (x− xi−1)2(x− xi) if xi−1 ≤ x ≤ xi

1
h3 (x− xi)(x− xi+1)2 if xi ≤ x ≤ xi+1

0 if x ≥ xi+1,

(I.3.53)

x

y

1

0 h 2h 3h 4h 1· · ·

ψ0
0 ψ0

1 ψ0
2 ψ0

3

Figure I.3: Cubic splines value basis.

x

y
4h
27

0 h 2h 3h 4h 1· · ·

ψ1
0 ψ1

1 ψ1
2 ψ1

3

Figure I.4: Cubic splines derivative basis.

These functions form a basis of Sh
3 because their total number is equal to the dimension of

Sh
3 and furthermore,

∀ (i, j) ∈ {0, . . . , N}2, ∀ (k, l) ∈ {0, 1}2, (ψk
i )(l)(xj) =

{
1 if (i, k) = (j, l)
0 otherwise.

(I.3.54)

Even though they are not used in Sh
3 – recall the zero boundary conditions – we also introduce

the basis functions ψ0
0 and ψ0

N , defined as before.

Remark I.54. Note that many other bases are available for C1 cubic splines. The choice of
a basis must be made while keeping in mind an important point: aside from its simplicity
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of expression, one must carefully consider the condition number of its mass and stiffness
matrices: since every step shall be carried out using rigorous numerics, ill-conditioned
matrices will significantly increase round-off error upper-bounding (see I.4 for details).
This condition number is of course linked to the sparsity of the matrices, which in turn is
linked to the locality of each basis function, i.e. the number of intervals on which it takes
non-zero values. This basis is optimal in terms of the locality of each basis function, and
therefore is a suitable candidate regarding the conditioning number.

In order to numerically deal with cubic splines, one should compute explicitely its mass and
stiffness matrices.

Proposition I.55. The mass matrix associated to the basis (ψj
i )i,j can be computed using

the following results:

∀ (i, j) ∈ {0, . . . , N}, 〈ψ0
i , ψ

0
j 〉 =


26
35h if i = j /∈ {0, N}
9
70h if |i− j| = 1
0 if |i− j| > 1,

(I.3.55)

∀ (i, j) ∈ {1, . . . , N − 1}, 〈ψ0
i , ψ

1
j 〉 =


0 if i = j /∈ {0, N}
−13
420 h if i = j − 1
13
420h if i = j + 1
0 if |i− j| > 1,

(I.3.56)

∀ (i, j) ∈ {1, . . . , N − 1}, 〈ψ1
i , ψ

1
j 〉 =


2

105h if i = j /∈ {0, N}
−1
140h if |i− j| = 1
0 if |i− j| > 1,

(I.3.57)

and finally 〈ψ0
0, ψ

0
0〉 = 〈ψ0

N , ψ
0
N 〉 = 13

35h, 〈ψ0
0, ψ

1
0〉 = −〈ψ1

N , ψ
1
N 〉 = 11

210h, and 〈ψ1
0, ψ

1
0〉 =

〈ψ1
N , ψ

1
N 〉 = 1

105h.

Proposition I.56. The stiffness matrix associated to the basis (ψj
i )i,j can be computed

using the following results:

∀ (i, j) ∈ {1, . . . , N − 1}, 〈Aψ0
i , ψ

0
j 〉 =


12
5h if i = j /∈ {0, N}
−6
5h if |i− j| = 1
0 if |i− j| > 1,

(I.3.58)

∀ (i, j) ∈ {1, . . . , N − 1}, 〈Aψ0
i , ψ

1
j 〉 =


0 if i = j /∈ {0, N}
−1
10h if i = j − 1

1
10h if i = j + 1
0 if |i− j| > 1,

(I.3.59)

∀ (i, j) ∈ {1, . . . , N − 1}, 〈Aψ1
i , ψ

1
j 〉 =


4

15h if i = j /∈ {0, N}
−1
30h if |i− j| = 1
0 if |i− j| > 1,

(I.3.60)

and finally 〈Aψ0
0, ψ

0
0〉 = 〈Aψ0

N , ψ
0
N 〉 = 6

5h , 〈Aψ0
0, ψ

1
0〉 = 〈Aψ1

N , ψ
1
N 〉 = 1

10h , and 〈Aψ1
0, ψ

1
0〉 =

〈Aψ1
N , ψ

1
N 〉 = 2

15h .

Finally, as mentioned before, we shall need a closed formula to compute ‖Apf ‖ for pf ∈ Sh
3 .

The following proposition allows just that:
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Proposition I.57. We have

∀ (i, j) ∈ {1, . . . , N − 1}, 〈Aψ0
i ,Aψ0

j 〉 =


24
h3 if i = j
−12
h3 if |i− j| = 1

0 if |i− j| > 1,
(I.3.61)

∀ (i, j) ∈ {1, . . . , N − 1}, 〈Aψ0
i ,Aψ1

j 〉 =


0 if i = j
−6
h3 if i = j − 1
6

h3 if i = j + 1
0 if |i− j| > 1,

(I.3.62)

∀ (i, j) ∈ {1, . . . , N − 1}, 〈Aψ1
i ,Aψ1

j 〉 =


8

h3 if i = j
2

h3 if |i− j| = 1
0 if |i− j| > 1,

(I.3.63)

and finally 〈Aψ0
0,Aψ0

0〉 = 〈Aψ0
N ,Aψ0

N 〉 = 12
h3 , 〈Aψ0

0,Aψ1
0〉 = −〈Aψ1

N ,Aψ1
N 〉 = 6

h3 , and
〈Aψ1

0,Aψ1
0〉 = 〈Aψ1

N ,Aψ1
N 〉 = 4

h3 .

Approximation of V . These results allow the manipulation of A on Sh
3 ⊂ V , through a

discretised operator, exactly as for the P1 finite elements. It is then natural to ask ourselves how
the approximation properties of cubic splines compare to those of P1 finite elements. This is the
objective of the following proposition. This proposition is done without assuming any boundary
conditions, which is equivalent to adding ψ0

0 and ψ0
N to the previous basis.

Proposition I.58. Let N ≥ 1, h = 1
N and xi = ih for i ∈ {0, . . . , N}. We have for all

f ∈ H2(0, 1), ∥∥∥∥∥f −
N∑

i=0
f(xi)ψ0

i −
N∑

i=0
f ′(xi)ψ1

i

∥∥∥∥∥
V

≤ h

2 ‖f ′′‖X , (I.3.64)

and ∥∥∥∥∥f −
N∑

i=0
f(xi)ψ0

i −
N∑

i=0
f ′(xi)ψ1

i

∥∥∥∥∥
X

≤ h2

8 ‖f ′′‖X . (I.3.65)

Furthermore, assuming further regularity f ∈ H4(0, 1), we can get, for k ∈ {0, . . . , 3}∥∥∥∥∥∥
(
f −

N∑
i=0

f(xi)ψ0
i −

N∑
i=0

f ′(xi)ψ1
i

)(k) ∥∥∥∥∥∥
X

≤ Ckh
4−k‖f (4)‖X , (I.3.66)

where C0 = 3
√

5
160 , C1 =

√
7

8
√

2 , C2 =
√

3
2 and C3 = 1

2 .

Proof. Assume first that f ∈ H2(0, 1), and denote sf =
∑N

i=0 f(xi)ψ0
i +

∑N
i=0 f

′(xi)ψ1
i . We will

only prove the various estimates on the interval [0, h
2 ]: the symmetry of hypotheses allows the

same estimates on [h
2 , h], and then on each interval [xi, xi+1], and summing them and taking the

square root will achieve the desired result.∫ h
2

0
(f ′(x) − s′

f (x))2 dx =
∫ h

2

0

(∫ x

0
f ′′(t) − s′′

f (t) dt
)2

dx

≤
∫ h

2

0
x

∫ x

0
(f ′′(t) − s′′

f (t))2 dtdx using Cauchy-Schwarz inequality

≤
∫ h

2

0
x dx

∫ h

0
(f ′′(t) − s′′

f (t))2 dt.
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Recalling that using Lemma I.52,
∫ h

0 (f ′′(t)−s′′
f (t))2 dt =

∫ h
0 (f ′′(t))2 dt−

∫ h
0 (s′′

f (t))2 dt ≤
∫ h

0 (f ′′(t))2 dt,
it follows that ∫ h

2

0
(f ′(x) − s′

f (x))2 dx ≤ h2

8

∫ h

0
(f ′′(t))2 dt, (I.3.67)

which concludes the first estimate. For the second estimate, a similar method allows its easy
proof: ∫ h

2

0
(f(x) − sf (x))2 dx =

∫ h
2

0

(∫ x

0
f ′(t) − s′

f (t) dt
)2

dx

≤
∫ h

2

0
x

∫ x

0
(f ′(t) − s′

f (t))2 dtdx

=
∫ h

2

0
x

∫ x

0

(∫ t

0
f ′′(u) − s′′

f (u) du
)2

dt dx

≤
∫ h

2

0
x

∫ x

0
t

∫ t

0
(f ′′(u) − s′′

f (u))2 dudt dx

≤ h4

128

∫ h
2

0
(f ′′(u) − s′′

f (u))2 du

≤ h4

128

∫ h
2

0
(f ′′(u))2 du,

and once again by symmetry this extends to [0, h] and then to [0, 1], yielding the desired result.
Assume now that f ∈ H4(0, 1). These proofs are essentially the same, without needing the
orthogonality property because s

(4)
f = 0. In the following proof, we use the fact that there

exist θ2, θ3 ∈ [0, h] such that f (2)(θ2) − s
(2)
f (θ2) = f (3)(θ3) − s

(3)
f (θ3) = 0, which can be proved

using Rolle’s theorem four times on f − sf (1 time), f ′ − s′
f (2 times) and f (2) − s

(2)
f (1 time),

respectively. ∫ h
2

0

(
(f − sf )(3)(x)

)2
dx =

∫ h
2

0

(∫ x

θ3
(f − sf )(4)(t) dt

)2
dx

≤
∫ h

2

0
|x− θ3|

∫ x

θ3
(f (4)(t))2 dtdx

≤ 3h2

8

∫ h

0
(f (4)(t))2 dt,

since the worst case is θ3 = h, which yields C3 =
√

3
2 . Then,

∫ h
2

0

(
(f − sf )(2)(x)

)2
dx =

∫ h
2

0

(∫ x

θ2

∫ t

θ3
(f − sf )(4)(u) dudt

)2
dx

≤
∫ h

2

0
|x− θ2|

∫ x

θ2
|t− θ3|

∫ t

θ3
(f (4)(u))2 dudt dx

≤
∫ h

2

0
|x− θ2| dx

∫ h

0
|t− θ3| dt

∫ h

0
(f (4)(u))2 du

≤ 3h4

16

∫ h

0
(f (4)(u))2 du,

56



I
:

To
ol
s

I
:

To
ol
s

which yields C2 =
√

201
24 . Then,∫ h

2

0

(
(f − sf )(1)(x)

)2
dx =

∫ h
2

0

(∫ x

0

∫ t

θ2

∫ u

θ3
(f − sf )(4)(v) dv dudt

)2
dx

≤
∫ h

2

0
x

∫ x

0
|t− θ2|

∫ t

θ2
|u− θ3|

∫ u

θ3
(f (4)(v))2 dv dudt dx

≤
∫ h

2

0
x(h2 − x2) dx

∫ h

0
|u− θ3| du

∫ h

0
(f (4)(v))2 dv

≤ 7h6

256

∫ h

0
(f (4)(v))2 dv,

which yields C1 =
√

7
8
√

2 . And finally,

∫ h
2

0
((f − sf )(x))2 dx =

∫ h
2

0

(∫ x

0

∫ t

0

∫ u

θ2

∫ w

θ3
(f − sf )(4)(w) dw dv dudt

)2
dx

≤
∫ h

2

0
x

∫ x

0
t

∫ t

0
|u− θ2|

∫ u

θ2
|v − θ3|

∫ v

θ3
(f (4)(w))2 dw dv dudt dx

≤
∫ h

2

0
x

∫ x

0
t

∫ t

0
|u− θ2|

∫ u

θ2
|v − θ3| dv dudtdx

∫ h

0
(f (4)(w))2 dw

≤
∫ h

2

0
x

∫ x

0
t

∫ t

0
(h− u) dudt dx

∫ h

0
|v − θ3| dv

∫ h

0
(f (4)(w))2 dw

≤ 9h8

10240

∫ h

0
(f (4)(v))2 dv,

which yields C0 = 3
√

5
160 .

As we have mentionned before, those estimates are useful only if cubic splines are used to
approximate more regular functions. This is the prurpose of the next section, which introduces
a space of regular heptic splines.

I.3.2.d Heptic splines

In this section we introducte heptic splines – polynomials of degree 7 by part. These can be used
as an approximation method, or more simply as an interpolation method. We shall only present
here a basis of the heptic splines that are in H4(0, 1). As for cubic splines, we shall define the
space of heptic splines as

$h
7 =

{
s : [0, 1] → R, ∀ i ∈ {0, . . . , N − 1}, s∣∣[xi,xi+1]

∈ R7([xi, xi+1])
}
, (I.3.68)

as well as Sh
7 the space of three times differentiable heptic splines. We introduce the following

basis of Sh
7 : for i ∈ {0, . . . , N},

ξ0
i : x 7→

{ 1
h7 (x− xi−1)4 (−20(x− xi)3 + 10h(x− xi)2 − 4h2(x− xi) + h3) if xi−1 ≤ x ≤ xi

1
h7 (x− xi+1)4 (20(x− xi)3 + 10h(x− xi)2 + 4h2(x− xi) + h3) if xi ≤ x ≤ xi+1

ξ1
i : x 7→

{ 1
h6 (x− xi−1)4(x− xi)

(
10(x− xi)2 − 4h(x− xi) + h2) if xi−1 ≤ x ≤ xi

1
h6 (x− xi+1)4(x− xi)

(
10(x− xi)2 + 4h(x− xi) + h2) if xi ≤ x ≤ xi+1

ξ3
i : x 7→

{ 1
2h5 (x− xi−1)4(x− xi)2 (−4(x− xi) + h) if xi−1 ≤ x ≤ xi

1
2h5 (x− xi+1)4(x− xi)2 (4(x− xi) + h) if xi ≤ x ≤ xi+1

ξ3
i : x 7→

{ 1
6h4 (x− xi−1)4(x− xi)3 if xi−1 ≤ x ≤ xi

1
6h4 (x− xi+1)4(x− xi)3 if xi ≤ x ≤ xi+1
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and furthermore every basis function ξj
i is equal to zero outside of [xi−1, xi+1] – see Figure I.5

for an illustration of some elements of the basis. This basis has been designed so that ξk
i defines

the value of the kth derivative at point xi:

∀ (i, j) ∈ {0, . . . , N}2, ∀ (k, l) ∈ {0, 1, 2, 3}2, (ξk
i )(l)(xj) =

{
1 if (i, k) = (j, l)
0 otherwise.

(I.3.69)

x

y

h 2h 3h 4h 5h 6h 7h 8h0 1· · ·

ξ01 ξ13 ξ25 ξ37

Figure I.5: Heptic spline basis.

Using this basis, one could interpolate cubic splines in an optimal manner (recall Theorem
I.53). However, this is rather tedious (one could even say horridly so) and would only be worth
it if one has already worked up the necessary discretisation error bounds to use them – for more
details, we refer the reader to Remark III.14.

I.4 Rigorous numerics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this section, we shall introduce the field of rigorous numerics, its goals and some of its
techniques, then will elaborate on how we use it in this thesis, giving details about the core
difficulties induced and how we tackle them.

I.4.1 Introduction to rigorous numerics

The objective of this section is to introduce the field of rigorous numerics. Rigorous numerics
aim at controlling the result of numerical computations, by guaranteeing that the result the user
wished to compute is included in a computed set. In particular, it is designed to precisely bound
round-off errors.

Recall that when numerically modelling a phenomena, different types of errors can arise:

• firstly, the modelling error, which is the difference between reality and the model. It is the
most difficult to characterise and even more to estimate.

• secondly, the discretisation error: when modelling a phenomenon depending on space or
time, discretisation is very often needed to numerically solve the model. When modelling
using differential equations, the errors are estimated and bounded using tools from the
field of Numerical Analysis. See Section I.3 for some details about how we use it in this
thesis.
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• last but not least, when computing discretisation schemes on standard digital computers,
approximations are made at each computation because of the finite-byte representation of
numbers. This is the primary goal of Rigorous numerics, which we shall present in this
section.

Rigorous numerics, also known as validated numerics, verified computation or any combi-
nation of these words, is using set-based arithmetic to bound and guarantee that the desired
result is included in the returned set. Although it has similar goals to the fields of symbolic
computation or proof assistants, its methods are fundamentally different:

• rigorous numerics aims at providing error bounds for computations that would usually be
done with floating-point arithmetic, prone to round-off errors

• symbolic computation deals with mathematical expressions, storing variables not given any
value, and is primarily meant to automatise complex routines to obtain closed formulae

• proof assistants are tools designed to assist the verification of formal proofs, checking that
every hypotheses has been formulated or verified, and automatically providing proofs of
simple statements.

Rigorous numerics have been developped since the 80s, and now several toolboxes are avail-
able for everyone to use: in MATLAB/Octave (INTLAB), in C++ (kv, CAPD and Boost Safe
Numerics), in C (Arb) or Julia (JuliaIntervals). In this thesis, the rigorous numerics have
been implemented using INTLAB [Rum99], developped and maintained by Prof. Dr. Siegfried M.
Rump. It includes different methods that have been developped over the years to provide tight
estimates of various verified computations, including interval arithmetic and affine arithmetic.

Interval arithmetic is the simplest: each variable is represented by an interval or a cartesian
product of intervals. It has been extensively studied and thouroughly encoded, and is the most
used method because of its simple representation, which allows for easier bounding processes,
and its relatively fast computations. For a well-detailed introduction to interval arithmetic, see
[Tuc11].

On the other hand, affine arithmetic represents data as zonotopes – centrally symmetric poly-
topes – stored as a centre position plus error directions and distances. This much more general
class of convex sets, and thus allows for tighter error bounds. The price to pay lies firstly in the
theoretical complexity of computations of certified simple operations on the sets and secondly in
the numerical computation time: for example, compared to floating-point arithmetic, a simple
100×100 matrix-matrix product can take twice as long with interval arithmetic, and a thousand
times longer on affine arithmetic.

Apart from the computation time, the main hindrance for rigorous numerics is the so-called
wrapping effect: if not treated carefully, the radii of the considered sets can increase exponentially
with each computation. This is especially true for interval arithmetic, due to the rigidity of its
representation of errors. Consider for example a 2D rotation matrix Aθ of angle θ = 1. The
computation of cos(θ) and sin(θ) is done up to double precision, so with interval arithmetic their
corresponding intervals have radii of approximately 2.23 · 10−16. Consider the three following
algorithms to compute A1024

θ :

1. Store B = Id2. Then do 1024 times B = AθB and return B

2. Store B = Aθ. Then do 10 times B = B2 and return B

3. Compute θ′ = 1024 θ, and return Aθ′ .

The result of those three algorithms in interval arithmetic have respectively radii of 2.9 ·10125,
3.4 · 10−12 and 2.3 · 10−16. The main reason for this staggering error lies in the storing of each
iterate as a box centred in 0: at each iteration, the 4D box that represents the matrix is rotated
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by θ, and then upper-bounded by another non-rotated box, with greater radii. Therefore, the
total error increases exponentially with the number of iterations.

The wrapping effect is much less pronounced in affine arithmetic: the result of the three
algorithms in affine arithmetic returns raddi of 5.2 · 10−13, 5.0 · 10−13 and 2.3 · 10−16. The two
first algorithms yield very similar thanks to the ability of affine arithmetic to accurately capture
rotations. The result of the third algorithm is identical whether computed with interval or affine
arithmetic because all computations are done in R, where they are equivalent.

Despite this obvious advantage of affine arithmetic, its computation time often proves pro-
hibitive. In this thesis, we shall hence use interval arithmetic. In the next section, we present
the carefully tuned algorithms used to encode the functionals needed in this thesis, aiming to
minimise both wrapping effect and computation time. Everything is written to match the nota-
tions and context of Chapter III, since it is the most computationnally heavy, but every method
should be applied in all settings.

I.4.2 Computation of the main functionals

Recall that most of the results of this thesis rely on the minimisation, computation and verifi-
cation of the functional

J : pf 7→
∫ T

0
σBU (S∗

t pf ) dt− 〈yf − ST y0, pf 〉, (I.4.1)

which is discretised in time and space by

J∆t,h : pfh 7→ ∆t
N0−1∑
k=0

σBU ((Id +∆tAh)−kpfh) − 〈yf , pfh〉 + 〈y0, (Id +∆tAh)−N0pfh〉. (I.4.2)

The very first to note is that minimising this functional does not require the use of rigorous
numerics. The sole purpose of minimisation is to provide a minimiser pfh, that will be an
appoximation of the true minimiser (if it exists), but ultimately the functional J∆t,h will be
computed at point pfh and the interval containing J(pf ) will be computed the same whether the
minimisation was done with or without numerical verification. Therefore, we shall only focus
on verifying the computation of J∆t,h and its main components: an exponential of matrices,
discretisation of a time integral, a support function and inner products.

Here, recall that we consider a finite-dimensional subspace Vh of X, Vh being generated by a
given basis (ϕi)i. Therefore in this paragraph we consider that every variable p ∈ Vh is identified
with the vector of Rdim Vh corresponding to its representation in the (ϕi)i basis. An interval Y of
Vh is hence a closed (potentially unbounded) hypercube of Rdim Vh defined with its two opposite
vertices y, y ∈ Y such that for all y ∈ Y, for all i ∈ {1, . . . , dimVh}, y

i
≤ yi ≤ yi.

Exponential of matrices. Along this thesis, all exponential of matrices have been computed
using Euler schemes, whether explicit II.3.2 or implicit II.3.3, III.2.2. We shall focus on the
implicit Euler scheme, since numerically it has one more component: inversion of a matrix.
Consider for this paragraph a matrix C, and assume you wish to compute C−kpfh for k ∈
{0, . . . , N0}. For now, let us fix k.

Three algorithms might come to mind when computing pk = C−kpfh:

1. iterately solve Cpi+1 = pi, where p0 = pfh

2. compute Ck and then solve Ckpk = pfh

3. compute C−1, then compute (C−1)k and finally C−kpfh

The first two algorithms will return high round-off errors: the first one because of the wrapping
effect illustrated earlier – a good rule of thumb with interval arithmetic is to avoid loops or
repeated operations on a single variable. The second algorithm will fail for a different reason:
even if computed smartly, Ck will have bigger errors than C. This is due to the nature of the
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problems we study: essentially C has non-negative eigenvalues, and thus Ck and its round-off
errors will get “bigger” with k. Ultimately, the risk is that Ck will get “closer to 0”, which will
make the errors explode when inverting Ck.

The third algorithm, however, will take advantage that C−1 will have non-positive eigen-
values, so that C−k and its round-off errors will decrease with k. As for the computation of
C−k from C−1, one should consider a fastexp technique, that is, computing the C−2i with
i ∈ {1, . . . , log2(k)} and deducing C−k from the decomposition in base 2 of k. This furthermore
allows easy vectorisation to compute all

{
C−kpfh, k ∈ {0, . . . , N0}

}
.

Time integral. Assuming readily computable support function and exponentials, the com-
putation of an approximation of the time-integral seems easy, especially since it is simply ap-
proximated using the rectangle rule. However, when dealing with very precise discretisation
parameters (sometimes 1, 000, 000 time-meshes and 2, 000 space-meshes), a memory-efficient al-
gorithm becomes essential to drastically reduce computation time. In order to do that, one
should split the computation into manageable batches. Instead of storing all intermediate re-
sults, process the time steps in blocks that fit into the available memory cache. For each batch,
compute the required exponentials and support functions, accumulate the partial sums and its
round-off errors, and then proceed to the next batch. This approach minimizes memory usage
and leverages cache locality, significantly speeding up the computation.

For example, in our implementation, processing the entire space-time grid at once would
require an unmanageable amount of memory and could take years to complete. By dividing the
computation into batches (e.g., 104 time steps per batch), we once reduced the total computation
time from an estimated 19 years to about 1 hour on a standard workstation. This batching
strategy is crucial for handling large-scale problems efficiently with rigorous numerics.

Support function. Another thing to consider when dealing with interval arithmetic is that
although most common routines have been efficiently encoded, some specific functions have to
be carefully thought about. This is the case of support functions: here we are concerned with
the support function of BU . We thus have

σBU (y) = sup
u∈U

〈Bu, y〉. (I.4.3)

When considering Y ⊂ X an interval centred on y0 ∈ X, we have

σBU (y0) ∈ σBU (Y) :=
[

inf
y∈Y

σBU (y), sup
y∈Y

σBU (y)
]
, (I.4.4)

and both those bounds have to be computed, or at least lower- and upper-bounded. In particular,
the supremum is reached on an extreme points of Y – which are known, since Y is an interval –
and the infimum can be tackled with standard optimisation techniques. Of course, this is highly
dependent on the setting, so let us give an example in the case of internal control of the heat
equation considered in III.3.3.a. In this context Y ⊂ Vh, where Vh is the set of finite elements
on a regular mesh of [0, 1] and satisfying zero boundary conditions, so

Y = {y ∈ Vh,∀xi = ih, y(xi) ∈ [yi, yi]}. (I.4.5)

Set B = Id and U = {x ∈ L2(0, 1), ‖x‖2 ≤ 1}. In this simple case, we have that for all
y ∈ L2(0, 1), σBU (y) = ‖y‖2, and thus

σBU (y0) ∈ σBU (Y) =
[

inf
y∈Y

‖y‖2, sup
y∈Y

‖y‖2

]
. (I.4.6)

For Y ⊂ Vh, it is easily computed that

inf
y∈Y

‖y‖2 = ‖y?‖, where y? ∈ Y and on the mesh y?(xi) = inf
y∈[yi,yi]

|y|. (I.4.7)
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However, the supremum has no closed form expression, aside from the cumbersome

sup
y∈Y

‖y‖2 = max
{

‖y‖2, y ∈ Vh, ∀ i, y(xi) ∈ {yi, yi}
}
, (I.4.8)

the right-hand set being of cardinal 2 dim Vh . One way to efficiently and closely upper-bound is
to separate on each interval of the mesh:

sup
y∈Y

‖y‖2
2 ≤

dim Vh−1∑
i=0

max
{∫ xi+1

xi

y2(x) dx, y ∈ Vh, y(xi) ∈ {yi, yi}, y(xi+1) ∈ {yi+1, yi+1}
}
.

(I.4.9)
In the various examples in Subsection III.3.3.a, these are the upper and lower-bounds we use

to certify the support function of the reachable set. This example, although extremely simple at
first glance, showcases the difficulties inherent to any encoding using rigrorous numerics. When
considering more elaborate examples, one also has to consider the encoding of B: for example,
if B = χω, precautions have to be taken if the boundaries of ω do not coincide with the mesh
associated to Vh.

Scalar products and norm of A∗pf . One final point to mention is the computation of the
inner products : 〈yf , pf 〉 and 〈y0, S

∗
T pf 〉, as well as the norm ‖A∗pf ‖. In order to compute and

certify those elements, it is assumed in Subsection III.2.4 to have closed formulae of 〈yf , pfh〉
and 〈y0, pfh〉 for every pfh ∈ Vh. If however one has access to closed formulae of 〈yf , pf 〉
directly, given pf ∈ D(A∗) an interpolation of pfh, then of course one should compute this
instead, and forego the discretisation error associated to this inner product. However, as has
been noted throughout this section, one has to be careful that the round-off errors generated
by the computation of 〈yf , pf 〉: should they exceed the discretisation error associated to the
computation of 〈yf , pfh〉, the first method should be favoured – this can in particular happen for
a very fine discretisation: the discretisation error decreases with the discretisation parameters,
whereas the round-off error increases with the dimension of the considered vectors, and is all
the more present when computing the complicated 〈yf , pf 〉 than the simple 〈yf , pfh〉.

On another note, the computation of ‖A∗pf ‖, which is essential to bound the discretisation
errors of the whole functional, needs to be certified. Although it might be possible to compute
‖A∗

hpfh‖ and bound its discretisation and round-off errors, in the settings addressed in this
thesis – where interpolation is performed using cubic splines – a closed formula is preferable.
Here as well, remark that increasing the dimension of Vh, and thus complicating the formula
of the interpolation pf will increase the round-off errors on ‖A∗pf ‖. This forms a seemingly
unavoidable barrier to computer-assisted proofs involving discretisation of partial differential
equations: no matter how well you discretise or how finely you tune your rigorous numerics,
there may be some true yet unprovable results.
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II
Certified non-reachability for finite-dimensional control
problems
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Abstract

It is customary to design a control system in such a way that, whatever the chosen
control satisfying the constraints, the system does not enter so-called unsafe regions.
This work introduces a general computer-assisted methodology to prove that a given
linear control system with compact constraints avoids a chosen unsafe set at a chosen
final time T. Relying on support hyperplanes, we devise a functional such that the
property of interest is equivalent to finding a point at which the functional is negative.
Actually evaluating the functional first requires time-discretisation. We thus provide
explicit, fine discretisation estimates for various types of matrices underlying the
control problem. Second, computations lead to roundoff errors, which are dealt
with by means of interval arithmetic. The control of both error types then leads to
rigorous, computer-assisted proofs of non-reachability of the unsafe set. We illustrate
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the applicability and flexibility of our method in different contexts featuring various
control constraints, unsafe sets, types of matrices and problem dimensions.

The following article is a nearly identical transcript of the paper Computer-assisted proofs of
non-reachability for finite-dimensional linear control systems co-written with Camille Pouchol,
Yannick Privat and Christophe Zhang [Has+24], accepted in SIAM Journal of Control and
Optimisation in May 2025.

II.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

This article is dedicated to the rigorous study of non-reachable states of a constrained controlled
linear system. More precisely, we are interested in guaranteeing that, at a given time T > 0, the
control system cannot enter a prescribed unsafe region, whatever the choice of control satisfying
the given constraints.

We consider the linear autonomous (time invariant) control system{
y′(t) = Ay(t) +Bu(t),
y(0) = y0,

(S)

where y0 ∈ Rn and A ∈ Rn×n, B ∈ Rn×m.
Given y0 ∈ Rn, a closed convex set Yf ⊂ Rn, a time horizon T > 0 and a compact set U ⊂ Rm,

we investigate the (U-)constrained reachability problem, i.e., the problem of determining if there
exists a control u such that the solution to (S) with control u satisfies y(T ) ∈ Yf , under the
additional constraint that u(t) ∈ U for a.e. t ∈ (0, T ). If such a control exists, we shall say that
Yf is U-reachable from y0 in time T .

Our aim is to develop a general, flexible and certifiable methodology, resting on numerical
computations, to show that Yf is not U-reachable from y0 in time T . Ultimately, the interested
user should be able to provide all parameters A, B, T , y0, U and Yf and, whenever it is the
case, be returned the mathematically certified assertion that Yf is not U-reachable from y0 in
time T .

II.1.1 Methodology: non-reachability criterion and certification issues

Support functions. Throughout, finite-dimensional spaces Rn, Rm will be endowed with the
standard Euclidean inner products. If we have C ⊂ H with H a Hilbert space, σC will denote
the support function of C defined by

∀x ∈ C, σC(x) := sup
y∈C

〈x, y〉.

Non-reachability by separation. By means of separating hyperplanes, we will establish
a necessary and sufficient criterion for non-reachability, involving a suitably defined function
J : Rn → R ∪ {+∞}, in the following form:

(∃ pf ∈ Rn, J(pf ) < 0) ⇐⇒ Yf is not U-reachable from y0 in time T . (II.1.1)

The precise definition of J (together with Figure II.1 to convey the corresponding intuition) will
be given in Section II.2.1, and involves the support functions σU and σYf

, which we assume to
be known explicitly.

The proof of (II.1.1) is the object of Proposition II.2. In the case where pf ∈ Rn such that
J(pf ) < 0 is found, we will say that pf is a dual certificate (that Yf is not U-reachable from y0 in
time T ). One should note that such a dual certificate only proves the non-reachability at time
T , and not for all t ∈ [0, T ]. Sufficient conditions for the non-reachability at all times t ∈ [0, T ]
are proposed in Proposition II.7 and the following remark.
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Computer-assisted proof of non-reachability. In what follows, we will exploit this cri-
terion by producing vectors that satisfy it numerically. This raises questions pertaining to the
error propagation inherent to every numerical method.

Certified approach for non-reachability.

• How can one evaluate the functional J , in order to exhibit an element
pf ∈ Rn satisfying property (II.1.1) numerically?

• How can one then certify the numerical result, which implies non-
reachability? That is, guarantee that it is not flawed by various numerical
approximations?

In order to carry out these two steps, there will in turn be two main difficulties.

(i) We will not have access to J but only to proxies obtained by discretisation, which we
generically denote Jd. Indeed, the definition of J involves a time-integral, as well as the
solution to a linear ODE involving A∗ (which amounts to computing the matrix expo-
nentials t 7→ etA∗). When these are not known explicitly, we will resort to simple time
discretisation schemes (implicit Euler, etc) and provide a bound on the error in terms
of discretisation parameters. One key aspect of our approach is that these bounds
must be derived with explicit constants.

(ii) All computations will lead to round-off errors, which must be accounted for. To that end,
we will use a MATLAB/Octave toolbox called INTLAB (INTerval LABoratory) [Rum99].
This code is an interval arithmetic library, entirely written in MATLAB. It provides tools
for performing numerical computations with arbitrary-precision arithmetic.

All in all, if for a given pf ∈ Rn one lets Ed(pf ) (for the discretisation errors) and Er(pf ) (for
the round-off errors), we will have

J(pf ) ∈ [Jd(pf ) − Ed(pf ) − Er(pf ), Jd(pf ) + Ed(pf ) + Er(pf )]. (II.1.2)

Hence, we will take advantage of the fact that if

Jd(pf ) + Ed(pf ) + Er(pf ) < 0,

then yf is not U-reachable from y0 in time T .
Here we stress that the notion of certification we are concerned with has to do with the

numerical part of our work. The starting point of this work is a theoretical necessary and suffi-
cient condition for non-reachability. For a given system, we can determine whether it is satisfied
numerically. Certifying this part then makes this numerical result theoretically sound, thus
producing a computer-assisted proof. Another key aspect of our methodology is to return a
dual certificate pf that certifies the corresponding mathematical statement: consequently, any
user with access to their own discretised version of the functional J with corresponding error
estimates, can verify the result upon using interval arithmetic.

II.1.2 State of the art & connections to existing results

The notion of constraint-free controllability of autonomous linear systems dates back to Kalman’s
seminal works. Its generalisation to infinite-dimensional systems is more recent. For further
details on these concepts, we refer the reader to the review books [Lio92; J-M07]. Since the 70’s,
but more specifically in recent years, several works have investigated the addition of further
constraints, satisfied whether by the control itself, or by the controlled trajectory.

Some of these works are theoretical in nature, with a focus on unbounded constraints. Par-
ticular interest has been given to the problems of exact controllability by positive controls due
to their physical relevance [Bra72; Res05; FHL92; Kla96; PZ18; PZ19; LM21]. Attention was
also paid to adding constraints on the controlled trajectory [LTZ18; LTZ21; Erv20]. Unbounded
(sparsity) constraints have also been considered [Zua10; PTZ24].
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In this article, we focus on the implementation of a method to numerically certify that a set
of unsafe states is unreachable at a given time T > 0, for compact constraint sets on the control.
Our approach is specific to autonomous (time invariant) linear systems. Regarding more general
dynamical systems, closely related questions have been addressed in the past: for instance, how
to numerically approximate the reachable set at time T , or guarantee that computed trajectories
will not meet the given unsafe set at any time t > 0.

In finite dimension, several methods have been elaborated to provide approximations of the
reachable set (for example, see the recent survey [AFG21]): among others, let us mention the
use of Hamilton-Jacobi type equations [MBT05; CT18], the design of barrier functions for tra-
jectories to avoid unsafe regions [PJ04; KBH18], and set propagation [AFG21]. Let us roughly
describe each of these approaches.

In [MBT05; CT18], a backwards reachable set is characterised as the zero sublevel set of
the viscosity solution to a Hamilton-Jacobi type partial differential equation, with important
applications to the safety of automated systems. This is formally related to our approach, as
we also characterise non-reachability by the existence of negative values for a certain numerical
criterion. As we will see, in this paper the convexity of the reachable set and the linearity of
the system allow us to exploit this characterisation to produce numerical certificates of non-
reachability.

In [PJ04; KBH18], the authors introduce the notion of barrier functions, appropriately defined
from the system dynamics to ensure that trajectories do not enter an unsafe zone. An important
element of these methods is that these certificates are valid for all positive times t > 0, a very
strong property which is not required in other methods, and in particular in this article. More-
over, the computation of barrier certificates for a given system remains a challenging problem,
both theoretically and numerically.

Set propagation is a class of methods for computing a guaranteed over-approximation or
under-approximation of the reachable set of continuous systems. Starting from the set of initial
states, the idea is to iteratively and adequately propagate a sequence of sets according to the
system dynamics [GLM06], which are guaranteed to contain, or be contained in, the reachable
set. Such an algorithm has been developed in [LG10; LG09] for finite-dimensional compact
convex constraints. An important hurdle is then the so-called wrapping effect, which is the
accumulation of computational errors. The crux of set propagation techniques is to circumvent
this difficulty by using appropriate propagation formulae. In this article, the wrapping effect is
avoided using duality and considering the solution to a single backward equation.

Separation arguments, as used in this article, already appear in reachability analysis [KV02a;
KV02b; LG10; LG09; Bai+07]. However, an important contribution we make is recasting it in
terms of the sign of the function J , in such a way that interval arithmetic can be applied to
certify the end result – a feature which seldom appears in the literature.

Using our approach, one can prove that the reachable set is contained in a half-space. Com-
puting several such half-spaces allows for the creation of a bounded convex polytope guaranteed
to contain the reachable set, but this can quickly become computationally expensive, especially
as the dimension of the problem increases. There exist other ways to over- or under-approximate
reachable sets, which rely on geometric properties. In the special case of ellipsoidal constraint
sets, we refer the reader to [KV02a; KV02b]. More generally, for compact convex constraints,
the reachable set can be approximated from the outside using support functions [Bai+07].

While the above-mentioned works provide theoretical criteria for finite dimensions, the case
of infinite dimensions remains largely open.

For a more comprehensive review of the literature, we refer the reader to Section 0.3.

Extensions and perspectives. We make the assumption that the support functions σU and
σYf

are known exactly. If it were not the case, our approach could be extended, provided that one
has a procedure to numerically evaluate them, together with a way to control the corresponding
error.

The approach we have developed can be adapted mutatis mutandis to non-homogeneous
non-autonomous linear systems of the form x′(t) = A(t)x(t) + B(t)u(t)+v(t), for some v ∈
L2(0, T ;Rn). The price to pay lies in the error formulae, where the exponential matrix etA is
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replaced by the resolvent associated with the function A(·). The resulting formulae would then
be slightly less accurate than those we obtained.

Another relevant issue would concern non-reachability in fixed time for non-linear control
systems under control sampling; see e.g. [BT21]. This amounts to imposing specific constraints
on the control, assuming it to be piecewise constant with values in a given prescribed set. In
the case of a linear system, our approach would apply provided that one provides efficient ways
to compute or approximate the support function of these particular types of constraint sets.

In the same vein, the reachability criterion can be extended without effort to Hilbert spaces
(see for instance [LY12] for infinite dimensional time optimal control problems). This is why we
expect our method to accommodate infinite-dimensional linear control systems, provided
that the space discretisation errors are also estimated. This will be the subject of further work,
focusing in particular on the heat equation.

Our work adresses non-reachability. The natural complementary question is that of reacha-
bility: can one provide certified methods to show that a target yf (or more generally, a set Yf )
is reachable? We intend to tackle this problem as well, using similar geometric ideas.

Finally, a more prospective research direction is to investigate generalisations to non-linear
control systems. It is obvious that the methodology will have to be thoroughly modified, since
our approach fundamentally rests on the linearity of LT .

Outline of the article. In Section II.2, we introduce the criterion J and specify the separation
argument, which allows us to recast the non-reachability property. Section II.3 focuses on
numerical methods for calculating J , using several possible discrete versions. Their relevance
is discussed based on the available information about A and its matrix exponential, and in
each case, we provide fully explicit error bounds. Finally, the Section II.4 is entirely devoted to
numerical experiments. After specifying the methodology leading to computer-assisted proofs of
non-reachability, we apply it to three examples, with variable dimensions and constraint sets. We
present concrete statements, each rigorously proven using our computer-assisted methodology.

II.2 Non-reachability by separation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

II.2.1 Main result

Consider the linear autonomous control system{
y′(t) = Ay(t) +Bu(t), t ∈ [0, T ],
y(0) = y0,

(S)

where y0 ∈ Rn and A ∈ Rn×n, B ∈ Rn×m, with u ∈ E := L2(0, T ;Rm). Recall that we make
the following assumption regarding the constraint set U and the unsafe set Yf :

U is compact, Yf is closed and convex. (H)

The solution to (S) at the final time T is characterised by Duhamel’s formula and is written
as:

y(T ) = eT Ay0 + LTu, where LTu :=
∫ T

0
e(T −t)ABu(t) dt.

Letting L(H1,H2) denote the set of linear continuous operators between two Hilbert spaces H1
and H2, it is standard that LT defines an operator in L(E,Rn). Its adjoint, L∗

T ∈ L(Rn, E), is
defined for pf ∈ Rn by L∗

T pf (t) = B∗p(t), where p solves the backward adjoint equation.{
p′(t) +A∗p(t) = 0, t ∈ [0, T ]
p(T ) = pf ,

(II.2.1)

As already mentioned, the key aspect of our approach hinges on the assertion (II.1.1), where J
denotes the so-called dual functional, defined by

∀ pf ∈ Rn, J(pf ):=
∫ T

0
σU (L∗

T pf (t)) dt+ σYf
(−pf ) + 〈y0, e

T A∗
pf 〉. (II.2.2)
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Remark II.1. When U is convex, the functional J can be understood as a dual functional
associated to a primal problem, in the sense of Fenchel-Rockafellar. More details are
provided in Appendix I.2. This interpretation leads us to consider useful algorithms that
perform a descent over J in order to find dual certificates, as explained in Section II.4.

The following result describes the crucial argument underpinning our method, which is illus-
trated by Figure II.1.

Proposition II.2. Assume that (H) holds. Then, there exists pf ∈ Rn such that J(pf ) < 0
if and only if Yf is not U-reachable from y0 in time T .

Figure II.1: Reachable set eT Ay0 + LTEU , hyperplane associated to the dual certificate pf , and
corresponding scalar J(pf ) given by (II.2.4), for a singleton Yf = {yf }.

Proof. Let EU := {u ∈ E, u(t) ∈ U for a.e. t ∈ (0, T )}. With this notation in place, Yf is
not U-reachable from y0 in time T if and only if the set (Yf − eT Ay0) ∩ LTEU is empty, where
Yf − eT Ay0 = {y− eT Ay0, y ∈ Yf }. Using the basic relation σC−{y}(z) = σC(z) − 〈y, z〉, we have

σYf −eT Ay0(−pf ) = σYf
(−pf ) + 〈eT Ay0, pf 〉 = σYf

(−pf ) + 〈y0, e
T A∗

pf 〉

As a result, the function J defined in (II.2.2) rewrites

J(pf ) =
∫ T

0
σU (L∗

T pf (t)) dt+ σYf −eT Ay0(−pf ) = σEU (L∗
T pf ) + σYf −eT Ay0(−pf ),

where the interchange of integration and supremum is justified, see e.g. [RW09, Theorem 14.60].
Now assume that we have found pf such that J(pf ) < 0. Then

σEU (L∗
T pf ) = sup

u∈EU

〈u, L∗
T pf 〉 = sup

u∈EU

〈LTu, pf 〉 < −σYf −eT Ay0(−pf ) = inf
yf ∈Yf

〈yf − eT Ay0, pf 〉,

showing that one cannot find u ∈ EU and yf ∈ Yf such that LTu = yf − eT Ay0 and hence that
Yf is not U-reachable from y0 in time T > 0.

Conversely, suppose that Yf is not U-reachable from y0 in time T . Then, since U is compact, it
follows from a Lyapunov argument that the set of reachable states (from 0 in time T ), i.e., the set
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LTEU , is compact and convex (see e.g. [LM86, Theorem 1A, Theorem 3 and Lemma 4A in Sec-
tion 2.2]). The set Yf − eT Ay0 is closed and convex.

By assumption, these two sets do not intersect, hence we may strictly separate them: there
exists pf ∈ Rn \ {0} such that

σEU (L∗
T pf ) = sup

w∈LT EU

〈w, pf 〉 < inf
yf ∈Yf

〈yf − eT Ay0, pf 〉 = −σYf −eT Ay0(−pf )

which amounts to J(pf ) < 0.

Remark II.3. By positive 1-homogeneity of support functions, J is also positively 1-
homogeneous, meaning that J(λpf ) = λJ(pf ) for all λ ≥ 0, pf ∈ Rn. In particular, if there
exists pf such that J(pf ) < 0, then infpf ∈Rn J(pf ) = −∞.

Remark II.4. We could also consider proving that Yf is not U-reachable from a full set
of initial states Y0 ⊂ Rn in time T , in which case, defining

∀ pf ∈ Rn, J(pf ) =
∫ T

0
σU (L∗

T pf (t)) dt+ σYf
(−pf ) + σY0(eT A∗

pf )

=
∫ T

0
σU (L∗

T pf (t)) dt+ σYf −eT AY0(−pf ),

the result of Proposition II.2 holds as it is under the assumption that the set Yf −eT AY0 is
closed and convex; this is the case for instance if Yf is closed and convex, and Y0 is convex
and compact.

Remark II.5. The above proposition gives a necessary and sufficient condition for non-
reachability. It is worth pointing out that, without any assumptions on the sets U , Y0, Yf ,
the above criterion remains a sufficient condition for non-reachability, as it yields a strict
separating hyperplane between Yf and eT AY0 + LTEU . In that case however, situations
where these sets are disjoint but not separable by a hyperplane (typically if Yf is not
convex) are then undetectable by our approach.

Remark II.6. As mentioned in the introduction, the above can be linked (at least for-
mally) to the Hamilton-Jacobi characterisation of some reachable sets [MBT05; CT18]. In-
deed, formally, in optimal control problems, the value function is the solution to a Hamilton
Jacobi type equation. Now, for our control problem, the value function is written as

S(yf ):=
{

0 if yf is reachable,
+∞ otherwise,

so we see that the non-reachable set is characterised as the strict zero superlevel set
{y, S(y) > 0} of S. Note that S is a very singular function, and its numerical com-
putation is not tractable, whereas a geometrical approach using support functions leads to
a convex function on which a descent algorithm is then implemented, which is much more
amenable and prone to numerical certification.

II.2.2 Unsafe sets and minimal times

As previously mentioned, we assume throughout that we know an explicit formula for both
functions σU and σYf

, which will be the case in the range of examples we will provide. For
instance, for U defined by the most standard box constraints `i ≤ ui ≤ Li for i ∈ {1, . . . ,m},
one has with ` = (`i), L = (Li) the explicit formula

∀u ∈ Rm, σU (u) = 〈L, u+〉 + 〈`, u−〉, (II.2.3)
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where u+ = max(u, 0) and u− = min(u, 0) refer to the (componentwise) positive and negative
parts of u respectively, and multiplications are to be understood componentwise.

Let us now discuss expressions for the functional (II.2.2) for some specific, yet natural, choices
of sets Yf .

Chosen unsafe sets Yf . Most of our examples in this article will be based on, but not limited
to, the singleton case Yf = {yf }. Below, we compute the corresponding functional and explain
how one then infers results for a closed ball around yf , i.e., Yf = B(yf , ε), and even a full half-
space associated with yf . Section II.4.3 features a more involved (unbounded) example where
Yf is a cylinder in R4, pertaining to the space rendezvous problem.

Singleton. In the case Yf = {yf }, one computes σYf
(−pf ) = −〈yf , pf 〉, which leads to the

functional
J(pf ) =

∫ T

0
σU (L∗

T pf (t)) dt− 〈yf , pf 〉 + 〈y0, e
T A∗

pf 〉. (II.2.4)

Ball. In the case of a ball Yf = B(yf , ε) (which recovers the above case with ε = 0), we find

σYf
(−pf ) = −〈yf , pf 〉 + ε‖pf ‖,

hence we uncover the same functional up to the additional term ε‖pf ‖.
In practice, this has the following implication: given yf , assume that we have found pf such

that J(pf ) < 0 with J given by (II.2.4). Then B(yf , ε) is not U-reachable from y0 in time T > 0
for any ε < −J( pf

‖pf ‖). Hence, once a target yf is fixed, we will only be concerned with the
functional J given by (II.2.4). If pf is found such that J(pf ) < 0, we thus obtain a full ball
around yf that is not U-reachable from y0 in time T > 0.

Half-space. We now show how an unreachable half-space can be constructed from any target
yf . For the sake of this remark, when considering the associated functional (II.2.4), we highlight
the dependence of J on the target yf , by writing J(pf ; yf ) instead of just J(pf ).

Now, assume that α := J(pf ; yf ) has been computed for a given pf ∈ Rn. For any ỹf ∈ Rn,
we have the relation

J(pf ; ỹf ) = J(pf ; yf ) + 〈yf − ỹf , pf 〉.

Hence, Proposition II.2 shows that, independently of the sign of α, any vector in the half-space

{ỹf ∈ Rn, 〈ỹf − yf , pf 〉 > α} ,

is not U-reachable from y0 in time T . In other words, calculating J(pf ; yf ) for any pf immediately
provides a full half-space that is not U-reachable from y0 in time T .

Minimal times. It is interesting to notice that, still in the case where Yf = {yf } and assuming
we have either y0 = 0 or yf = 0, we can also derive a lower bound on the minimal reachability
time. We will exploit this result in obtaining (lower) estimates for minimal times in the case of
two control systems in Section II.4.

Proposition II.7. Assume that U ∩ ker(B) 6= ∅, and suppose either y0 = 0 or yf = 0.
If yf is not U-reachable from y0 in time T , then it is not reachable for any T̃ ≤ T either.
Consequently, denoting

T ?(y0, yf ,U) = inf
{
T > 0, yf is U-reachable from y0 in time T

}
∈ [0 + ∞],

we have T ?(y0, yf ,U) ≥ T .

Proof. This proposition is standard and its proof is elementary. Let us provide the main ar-
gument in the case where y0 = 0 for the sake of completeness. Assume that yf is U-reachable
from 0 in time T̃ by a control ũ. Let T > T̃ . Let v ∈ U ∩ kerB. Then, the control u defined by
u(t) = v for t ∈ (0, T − T̃ ) and u(t) = ũ(t−T + T̃ ) steers the system from 0 to yf in time T and
satisfies the constraint, hence the conclusion. The end of the proof is straightforward.
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Remark II.8. In the context of proving that a given unsafe set Yf is not reachable for all
times t ∈ [0, T ], let us note the following equivalence: Yf is not U-reachable from y0 in all
times t ∈ [0, T ] if and only if for all t ∈ [0, T ], Yf − etAy0 is not U-reachable from 0 in time
t. This leads to a sufficient condition: if Yf − ∪t∈[0,T ]{etAy0} is not U-reachable from 0 in
time T , then Yf is not U-reachable from y0 in all times t ∈ [0, T ].

II.3 Discretisation and error estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

This section presents several discretisations and corresponding error estimates for the dual func-
tional (II.2.2). Error estimates are given using standard Hermitian norms (over Cn and Cm),
always denoted by ‖ · ‖. The same notation ‖ · ‖ will also be used for the corresponding operator
norms, that of matrices in Cn×n, Cm×n and Cn×m.

As discussed in the introduction, we make the reasonable assumption that we have access
to an explicit formula for σU (and σYf

). Also recall that U is compact, and M denotes a
positive constant such that ‖v‖ ≤ M for all v ∈ U . In particular, we can easily prove that
|σU (x) − σU (y)| ≤ |σU (x− y)| ≤ M‖x− y‖, which implies that σU is M -Lipschitz.

II.3.1 Partial discretisation for a known adjoint exponential

To evaluate the dual functional (II.2.2) at a given point pf , one must compute a time integral,
and solve the backward equation (II.2.1). Given that σU will generally not be better behaved
than Lipschitz, we will stick to time-discretisation schemes that are of order 1, whether for
computing integrals or for integrating ODEs.

Even when one has access to an explicit solution for the backward equation (II.2.1), the
integral will seldom be computable (or at the cost of cumbersome computations). This is why
we first consider the case of discretising the integral but not the backward equation (II.2.1).

We define
N0 ∈ N∗, ∆t = T

N0
, tk = k∆t for k ∈ {0, . . . , N0}.

For a fixed pf ∈ Rn, we let t 7→ p(t) be the solution to (II.2.1), i.e., p(t) = e(T −t)A∗
pf , and

consider Jd,1, the first discretised version of J given by

Jd,1(pf ):=∆t
N0∑

k=1
σU (B∗p(tk)) + σYf

(−pf ) + 〈y0, p(0)〉. (II.3.1)

Proposition II.9. For a given pf ∈ Rn, it holds that

|J(pf ) − Jd,1(pf )| ≤ 1
2∆t MT‖B‖

(
sup

t∈[0,T ]
‖etA∗‖

)
‖A∗pf ‖.

Proof. Recall that σU is M -Lipschitz continuous; therefore, we have for all s, t ∈ [0, T ]∣∣σU
(
L∗

T pf (s)
)

− σU
(
L∗

T pf (t)
)∣∣ ≤ M‖B∗p(s) −B∗p(t)‖ ≤ M‖B‖‖p(t) − p(s)‖.

We can now establish the bound∣∣σU
(
L∗

T pf (s)
)

− σU
(
L∗

T pf (t)
)∣∣ ≤ M‖B‖ sup

t∈[0,T ]
‖A∗p(t)‖ |t− s|.

We have proved that t 7→ σU
(
L∗

T pf (t)
)

is Lipschitz continuous. Recalling the standard estimate∣∣∣∣∣∣
∫ T

0
f(t) dt− ∆t

N0∑
k=1

f(tk)

∣∣∣∣∣∣ ≤ 1
2KT ∆t
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for a K-Lipschitz function f : [0, T ] → R, we end up with∣∣∣∣∣∣
∫ T

0
σU (B∗p(t)) dt− ∆t

N0∑
k=1

σU (B∗p(tk))

∣∣∣∣∣∣ ≤ 1
2∆tMT‖B‖ sup

t∈[0,T ]
‖A∗p(t)‖,

thus, the previously announced estimate readily follows, using the definition of p(t):

sup
t∈[0,T ]

‖A∗p(t)‖ = sup
t∈[0,T ]

‖A∗e(T −t)A∗
pf ‖ = sup

t∈[0,T ]
‖A∗etA∗

pf ‖

= sup
t∈[0,T ]

‖etA∗
A∗pf ‖ ≤ sup

t∈[0,T ]
‖etA∗‖‖A∗pf ‖.

Jordan-Chevalley decomposition. Even if one knows the matrix exponentials t 7→ etA∗ (or
equivalently the matrix exponentials t 7→ etA), it is still necessary to provide an upper bound
for supt∈[0,T ] ‖ etA∗‖ = supt∈[0,T ] ‖etA‖ to make the bound in Proposition II.9 useful.

Assume that we have access to the Jordan-Chevalley decomposition of A in the following
sense: we have A = D + N where D is diagonalisable, N is nilpotent with index `, the two
matrices D and N commute. Then, of course, etA is obtained by

∀ t ∈ R, etA = etD
`−1∑
k=0

Nk

k! t
k = etDQ`(tN), (II.3.2)

where Q` is the polynomial x 7→
∑`−1

k=0
xk

k! . Assume further that we have access to the transition
matrix P that diagonalises D, i.e., diag(Λ) = P−1DP where Λ = (λ1, . . . , λn) ∈ Cn stores the
eigenvalues of A.

Consequently, we have
etA = PetΛP−1Q`(tN),

which leads to the estimate

sup
t∈[0,T ]

‖etA‖ ≤ κ(P )eµTQ`(‖N‖T ),

where µ := max({Re(λi), i ∈ {0, . . . , n}) is the spectral abscissa of A, and κ(P ) = ‖P‖‖P−1‖
stands for the condition number of the transition matrix P .

From these estimates, we derive the error formula below, in the case where the Jordan-
Chevalley decomposition is known.

Corollary II.10. Let us assume that we know the explicit Jordan-Chevalley decomposition
of A, in the form A = D +N . Then for a given pf ∈ Rn, there holds

|J(pf ) − Jd,1(pf )| ≤ 1
2∆t MT‖B‖‖A∗pf ‖κ(P )eµTQ`(‖N‖T ).

II.3.2 Full discretisation

We now address the scenario where the adjoint exponential t 7→ etA∗ is unknown, necessitating
the discretisation of the backward equation (II.2.1) as well. Assume that a discretisation scheme
has been applied that produces pk ∈ Rn for k ∈ {0, . . . , N0}.

In the next subsection, we will specialise to the Euler implicit scheme for the class of negative
semi-definite matrices.

The fully discretised version of J then reads

Jd,2(pf ):=∆t
N0∑

k=1
σU (B∗pk) + σYf

(−pf ) + 〈y0, p0〉. (II.3.3)
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Proposition II.11. For a given pf ∈ Rn and vectors pk ∈ Rn, k ∈ {0, . . . , N0}, there holds

|J(pf ) − Jd,2(pf )| ≤ ∆t M‖B‖

(
1
2T‖A∗pf ‖ sup

t∈[0,T ]
‖etA∗

‖ +
N0∑

k=1
‖p(tk) − pk‖

)
+ ‖y0‖‖p(0) − p0‖.

The proof is straightforward and left to the reader, as it primarily involves providing an
estimate for |Jd,1(pf )−Jd,2(pf )| and combining it with the estimate given from Proposition II.9.

We now explore the application of the simplest possible scheme, which is the Euler explicit
scheme: {

pN0 = pf

pk = (Id + ∆tA∗)pk+1 ∀ k ∈ {0, . . . , N0 − 1}.
(II.3.4)

Note that the Euler implicit scheme could also be employed and would yield similar results.
It is then standard (see e.g. [QSS06, Section 11.3.2]) that

∀ k ∈ {0, . . . , N0}, ‖p(tk) − pk‖ ≤ 1
2∆t (T − tk)

(
sup

t∈[tk,T ]
‖p′′(t)‖

)
e‖A‖T .

Given that p′′(t) = e(T −t)A∗(A∗)2pf , this leads to the estimate

∀ k ∈ {0, . . . , N0}, ‖p(tk) − pk‖ ≤ 1
2∆t (T − tk)

(
sup

t∈[tk,T ]
‖etA∗‖

)
e‖A‖T ‖(A∗)2pf ‖

≤ 1
2∆t (T − tk)e2‖A‖T ‖(A∗)2pf ‖

We acknowledge that constants appearing in the above might slightly be improved.
All in all, we thus find the following global estimate.

Proposition II.12. For a given pf ∈ Rn and vectors pk ∈ Rn, k ∈ {0, . . . , N0} defined
according to the Euler explicit scheme (II.3.4), it holds that

|J(pf ) − Jd,2(pf )| ≤ 1
2∆t T

[
M‖B‖

(
e‖A‖T ‖A∗pf ‖+1

2Te
2‖A‖T ‖(A∗)2pf ‖

)
+‖y0‖e2‖A‖T ‖(A∗)2pf ‖

]
.

Proof. The only step that requires detailed explanation is the estimation of the sum of the errors
‖p(tk) − pk‖, obtained by writing

N0∑
k=1

‖p(tk) − pk‖ ≤ 1
2∆t e2‖A‖T ‖(A∗)2pf ‖

N0∑
k=1

(T − tk) = 1
2∆t e2‖A‖T ‖(A∗)2pf ‖ T

N0

N0∑
k=1

(N0 − k).

The sum
∑N0

k=1(N0 − k) equals (N0−1)N0
2 ; therefore

N0∑
k=1

‖p(tk) − pk‖ = 1
4∆t e2‖A‖T ‖(A∗)2pf ‖T (N0 − 1) ≤ 1

4T
2e2‖A‖T ‖(A∗)2pf ‖.

This estimate has one major drawback: it diverges exponentially fast as a function of T ,
making the investigation of non-U-reachability challenging, even for moderate times T > 0,
especially if the matrix norm ‖A‖ is large.

II.3.3 Full discretisation for a symmetric negative semidefinite matrix

The purpose of this subsection is to exhibit a class of matrices, that of symmetric negative
semidefinite matrices, for which refined estimates can be derived without the errors exponentially
diverging as a function of time T .
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Even though such matrices are diagonalisable, computing their exponential can become in-
tractable for large sizes, so that one needs to resort to discretisation for the backward equa-
tion (II.2.1). The implicit Euler scheme below is well suited to that situation:{

pN0 = pf

(Id − ∆tA∗)pk = pk+1 ∀ k ∈ {0, . . . , N0 − 1}.
(II.3.5)

It always makes sense provided ∆t is small enough, and in the case where the matrix A is a
negative semidefinite symmetric matrix, the Euler implicit scheme is well-defined whatever the
value of ∆t > 0.

Assuming we are given a symmetric positive semidefinite matrix C, diagonalised in the form
C = PDP−1, with D diagonal and P an orthogonal transition matrix, we may define ϕ(C) for
any function ϕ : [0,+∞) → R by ϕ(C) = Pϕ(D)P−1 with componentwise application of ϕ on
the diagonal. This definition obviously agrees with the usual matrix exponential and rational
fractions whose poles avoid [0,+∞).∗ Using that κ(P ) = 1, one has for all such functions

‖ϕ(C)‖ = ‖ϕ(D)‖ ≤ sup
x≥0

|ϕ(x)|, (II.3.6)

Proposition II.13. Assume that A is a negative semidefinite symmetric matrix, and let
pf ∈ Rn. Then the error between the solution to the backward ODE (II.2.1) and its implicit
Euler discretisation (II.3.5) satisfies

∀ k ∈ {0, . . . , N0}, ‖p(tk) − pk‖ ≤ 1
2∆t ‖A∗pf ‖. (II.3.7)

Proof. By definition, for all k ∈ {0, . . . , N0}, we have

p(tk) − pk =
[
e(T −tk)A∗ − (Id − ∆tA∗)−(N0−k)

]
pf .

Hence me may write
p(tk) − pk = −∆t ϕN0−k(−∆tA∗)A∗pf ,

where for k ∈ N∗, the function ϕk is defined for x > 0 by

ϕk(x):=e−kx − (1 + x)−k

x
,

extended by continuity at x = 0 by ϕk(0):=0.
Estimating, we find

‖p(tk) − pk‖ ≤ ∆t ‖ϕN0−k(−∆tA∗)‖ ‖A∗pf ‖ ≤ ∆t sup
x≥0

|ϕN0−k(x)|‖A∗pf ‖

Let us conclude by proving that supx≥0 |ϕk(x)| ≤ 1
2 for all k ≥ 1. First, a routine study shows

that the function x 7→ e−x(1 + x) − 1 + 1
2x

2 is nonnegative for all x ≥ 0, so that

|ϕ1(x)| = 1
x

[ 1
1 + x

− e−x
]

≤ 1
2x, (II.3.8)

which combined with the basic estimate |ϕ1(x)| ≤ 1
x

1
1+x for x > 0 yields |ϕ1(x)| ≤ 1

2 by
considering the two cases x ≤ 1 and x > 1. Now for k ≥ 2, and x > 0, we write

|ϕk(x)| = 1
x

[ 1
1 + x

] k−1∑
j=0

e−jx
( 1

1 + x

)k−j−1
= |ϕ1(x)|

k−1∑
j=0

e−jx
( 1

1 + x

)k−j−1

≤ |ϕ1(x)| k

(1 + x)k−1 .

∗There are of course much more general definitions for functions of matrices [Hig08], but in the present setting
this definition will suffice.
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thanks to the bound e−x ≤ 1
1+x . Let us focus on the case k = 2. If x ≤ 1, we have |ϕ2(x)| ≤

1
2x

2
1+x ≤ 1

2 , and for x > 1, |ϕ2(x)| ≤ 1
x(1+x)

2
1+x ≤ 1

2 , hence the result for k = 2.
Now for any k ≥ 3, using the estimate (II.3.8), we obtain the inequality

|ϕk(x)| ≤ kx

2(1 + x)k−1

The right-hand side is maximised at x = 1
k−2 , hence

|ϕk(x)| ≤ k

2(k − 2)
(k − 2
k − 1

)k−1
= 1

2
k(k − 2)
(k − 1)2

(k − 2
k − 1

)k−3
≤ 1

2 .

This entails the following compact estimate for the dual functional.

Proposition II.14. Assume that A is a symmetric negative semidefinite matrix. For a
given pf ∈ Rn and vectors pk ∈ Rn, k ∈ {0, . . . , N0} defined according to the Euler implicit
scheme (II.3.5), there holds

|J(pf ) − Jd,2(pf )| ≤ ∆t ‖A∗pf ‖
(
TM‖B‖ + 1

2‖y0‖
)
. (II.3.9)

Proof. We simply build upon the general estimate of Proposition II.11. First, since −A∗ is a
symmetric positive semidefinite matrix, (II.3.6) provides

‖etA∗‖ ≤ sup
x≥0

|e−tx| = 1

for all t ≥ 0, and the previous estimate from Proposition II.13 for the Euler implicit scheme
shows that

N0∑
k=1

‖p(tk) − pk‖ ≤ 1
2∆t‖A∗pf ‖N0 = 1

2T‖A∗pf ‖.

Remark II.15. We note that similar estimates, not exponentially diverging with T , could
also be derived for the broader class of dissipative matrices (i.e., matrices A satisfying
〈Ax, x〉 ≤ 0 for all x ∈ Rn).

II.4 Numerical approach and examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this section, we will illustrate the potential of the approach described in the previous section
to study the (non)-reachability of certain targets, in a variety of examples. We present three
main example families, respectively related to the following:

• The control of a streetcar that we wish to control in order to reach a final state in minimal
time. This is a well-known toy problem in optimal control theory. We use it to validate
our results since the reachable set and minimal times

(
from (0, 0)T

)
have known explicit

formulae.

• The spatial rendezvous problem. We aim at reaching (or avoiding) a given target, cor-
responding to a space station, for instance the ISS, in a referential centred in the initial
position of the spacecraft. We use a dynamic space mechanics model and provide certified
lower-bounds on the minimal time needed to reach the target. We then develop a method
to prove that the spacecraft cannot collide with a motionless obstacle – e.g. an asteroid –
within a predetermined time interval.
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• A more academic setting, based on randomly generated negative semi-definite (Jacobi)
matrices A (of possibly large dimension). This is designed to investigate cases where
computing exponentials becomes out of reach, as well as to explore the effect that increasing
the dimension has on our technique.

Most cases feature a set of the form Yf = {yf }, hence the function of interest is (II.2.4). As
explained in Subsection II.2, the use of the corresponding functional also allows us to certify
that balls around yf or even half-spaces cannot be reached. The types of constraint sets U also
vary across examples.

II.4.1 Numerical approach and methodology

In order to numerically verify the non-U-reachability of a given target yf from y0 in time T , one
must proceed through the following three steps:

1. First, one must compute a discretisation Jd of the functional J , for example Jd,1 or Jd,2,
with the associated bounds on discretisation errors

2. Then, one must minimise said discretisation in order to find an element pf such that
Jd(pf ) < 0.

3. Finally, one must compute e(pf ) such that Jd(pf )−e(pf ) ≤ J(pf ) ≤ Jd(pf )+e(pf ). This is
done here using the INTLAB toolbox [Rum99], which, using interval arithmetic, takes into
account the rounding errors and added discretisation errors. This leads to the verification
that indeed, J(pf ) ≤ Jd(pf ) + e(pf ) < 0. If that is not the case, either yf is reachable, or
a finer discretisation or minimisation is required to prove its non-reachability.

Since INTLAB allows for most typical computation techniques, the second and third steps
could be joined. However, interval arithmetic is computationally expensive, hence we first
minimise the discretised functional Jd to find pf such that Jd(pf ) < −η, where η is the typical
size of errors e(pf ) (on the ball ‖pf ‖ = 1), and then verify that pf is indeed a certificate of
non-U-reachability for yf . Since this stopping condition will never be satisfied if the target set
Yf is in fact U-reachable, one might consider adding another condition based on how small an
improvement is made from one step to another. As the functional Jd does not admit a minimiser
(see Remark II.3) in the non-reachable case, we use the stopping condition∥∥∥∥ pk+1

‖pk+1‖
− pk

‖pk‖

∥∥∥∥ ≤ δ, (II.4.1)

where δ is a small tolerance.
Carrying out a descent algorithm on Jd can be tackled by means of many optimisation tech-

niques. For the following examples, we take advantage of the dual nature (see Appendix I.2,
assuming U is convex. This allows us to use the Chambolle-Pock primal-dual algorithm [CP11].
It has the drawback of requiring a closed-form expression of two proximal operators associated
with the functionals F ∗ and G, as defined in Appendix I.2. In general, if σU and σYf

have
closed-form formulae, so do those proximal operators.

II.4.2 The streetcar

Control problem. The following example is completely standard in optimal control theory.
It can be found, for example, in [LM86, Chapter 1] and is concerned with the optimal control
of the acceleration of a streetcar on a straight axis.

We will use this example to both illustrate and validate our approach, since the reachable set
and minimal times are known explicitly, see Appendix II.5.

We consider a streetcar moving on a graduated rectilinear axis. The initial position-velocity
pair of the streetcar is assumed to be (0, 0)T and the objective is to steer the system to some
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yf ∈ R2 in minimal time. The control system reads{
y′

1(t) = y2(t),
y′

2(t) = u(t),
(II.4.2)

which corresponds to the matrices

A:=
(

0 1
0 0

)
, B:=

(
0
1

)
. (II.4.3)

For a fixed M > 0, the chosen constraint is given by

U :={u ∈ R, |u| ≤ M}.

Resolution method. First, we compute the support function

∀u ∈ R, σU (u) = M |u|,

which is a particular case of (II.2.3).
Here, we use the functional Jd,1 and the estimate given by Corollary II.10. Given how simple

σU and the control system are, we acknowledge that one could actually compute the functional
J itself and only have to deal with round-off errors. We do not pursue this approach since we
aim at analysing how prominent the discretisation errors may be.

The Jordan-Chevalley decomposition of A is straightforward in this case, since the matrix
A is itself nilpotent, of index ` = 2. In this case, we hence have µ = 0, κ(P ) = 1, ` = 2,
Q2(x) = 1 + x, leading to the estimate

|J(pf ) − Jd,1(pf )| ≤ 1
2∆t MT‖B‖‖A∗pf ‖Q2(‖A‖T ).

Results. To highlight the dependence of J with respect to the target yf , we will temporarily
rename J(pf ) to J(pf ; yf ). We give examples of targets yf ∈ R2 that are certified to not be
U-reachable below, in the form of a computer-assisted theorem.

Theorem II.16. The following targets are not U-reachable from (0, 0) in time T = 1, with
M = 1:

y1 = (0.1, 0.6)T , y2 = (0.5, 1.1)T , y3 = (0.3, 0)T .

Indeed, the dual certificates

p1 = (−0.77, 0.64)T , p2 = (0.29, 0.96)T , p3 = (0.85,−0.53)T .

provide the intervals

J(p1; y1) ∈ [−0.0305,−0.0291], J(p2; y2) ∈ [−0.0964,−0.0959], J(p3; y3) ∈ [−0.0282,−0.0268].

The targets and dual certificates are plotted in Figure II.2, along with the theoretically known
reachable set.

Using the formula provided in Appendix II.5, the minimal times to reach y1, y2, and y3 are
computed to be slightly above 1.1656, 1.7480, and 1.0954, which means they are indeed not
reachable.

II.4.3 Space rendezvous

Control problem. We here consider the 2-dimensional linearised Hill-Clohessy-Wiltshire equa-
tions, as defined in [CF18]. These equations model the motion of a follower spacecraft in the
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Figure II.2: Non-U-reachability of the targets from Theorem II.16, together with the support
hyperplane associated to their respective dual certificates, and the streetcar theoretical reachable
set deduced from Appendix II.5.

neighbourhood of a reference spacecraft (at position y0 = (0, 0, 0, 0)T ). The matrices underlying
the control problem are

A:=


0 0 1 0
0 0 0 1
3 0 0 2
0 0 −2 0

 , B:=


0 0
0 0
1 0
0 1

 . (II.4.4)

Note that y1, y2 are positions and y3 = y′
1, y4 = y′

3 are the corresponding speeds.
We consider the following constraint set for fixed M2 > 0, M∞ > 0:

U :={u ∈ R2, ‖u‖2 ≤ M2, ‖u‖∞ ≤ M∞}, (II.4.5)

hence we may take M := min(M2,
√

2M∞).
Let us compute the support function σU in the case where M∞ ≤ M2 ≤

√
2M∞, which we

will consider hereafter. As illustrated in Figure II.3, the constraint set is the intersection of a
disk and a square. Observe that the boundary of U is the union of flat and circular parts, whose
coordinates (x, y) of intersection points form the set

P =
{(

±M∞,±
√
M2

2 −M2
∞

)}⋃{(
±
√
M2

2 −M2
∞,±M∞

)}
.

Let us write ∂U = F ∪ C, where F (resp. C) denotes the union of all flat (resp. circular) parts
of the boundary.

Let us fix x ∈ R2. We distinguish between two cases:
• If (O;x) ∩ ∂U ⊂ C, meaning that ‖x‖∞

M∞
≤ ‖x‖2

M2
, then M2

x
‖x‖2

∈ U and using the Cauchy-
Schwarz inequality, we get

σU (x) ≤ sup
y∈U

‖x‖2‖y‖2 =
〈
x,M2

x

‖x‖2

〉
= M2‖x‖2.

We thus infer that σU (x) = M2‖x‖2.

• Otherwise, σU (x) reads as the maximum of a linear (convex) function on a union of
flat parts. We easily infer that σU (x) = 〈px, x〉, where px denotes any point of the set
argminp∈P ‖p− x‖2.
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Figure II.3: Construction of the support function for the rendezvous problem. One has in
particular σU (xi) = 〈xi, x̄i〉, i = 1, 2.

Resolution method. The Jordan-Chevalley decomposition of A is given by A = D+N with

D:=P


0 0 0 0
0 0 0 0
0 0 −i 0
0 0 0 i

P−1, N :=P


0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

P−1, P :=


0 −2

3 −1 −1
1 0 2i −2i
0 0 i −i
0 1 2 2

 .
Here, we also use the functional Jd,1 and the estimate given by Corollary II.10. Using the

corresponding notations, we have µ = 0, and the index of the nilpotent matrix N is ` = 2. Thus
the corresponding estimate reads

|J(pf ) − Jd,1(pf )| ≤ 1
2∆t MT‖B‖‖A∗pf ‖κ(P )Q2(‖N‖T ),

with Q2(x) = 1 + x.

Results. Given a target yf ∈ R4, we can derive a lower-bound on the minimal time needed
to steer the system from y0 = (0, 0, 0, 0)T to yf . Proposition II.7 ensures that we may indeed
estimate the corresponding minimal time from below, using our approach. To compute this
lower bound, we apply a bisection algorithm over the set of positive real numbers, starting from
a predefined interval [tinf, tsup], and expanding it by multiplying its length by 2 until we cannot
prove the non-reachability in time tsup, and we can prove it in time tinf. Then, the standard
bisection method applies until the interval is reduced to the desired length.

First, we consider the time-minimal control problem of steering the system from y0 = 0 to
some other position at 0 speed, i.e., yf = (y1, y2, 0, 0)T for various values of (y1, y2) ∈ R2. Since
the control problem is linear and the constraints centrally symmetric (i.e., U = −U), if yf is
reachable in time T > 0, so is −yf . This translates into the identity J(pf ; yf ) = J(−pf ; −yf ),
allowing us to focus our computations on the right half-plane.

Using the bounds M2 = 1.15 and M∞ = 1, we obtain the certified lower bounds on the
minimal-time shown on Figure II.4(a). For conciseness, we do not provide the corresponding
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Figure II.4: Estimates of the minimal time for reachability of various targets at speed 0 for the
spacecraft rendezvous control problem. Certified lower bounds (left panel (a)) versus minimal
times outputted by Gekko Optimization Suite [Bea+18] (right panel (b)).

dual certificates. For comparison purposes, the minimal times computed using the Python
package Gekko [Bea+18] are presented in Figure II.4(b). Note that Gekko does not control
discretisation bounds nor roundoff errors, hence the corresponding estimates are by no means
certified.

Computation times. As is common, our certified method comes at the price of increased
computation times: each step of the bisection algorithm is rather fast (about 30 seconds on a
standard desktop computer), but depending on parameters and how good the initial guess is,
the number of iterations of the bisection algorithm may go from 3-4 to 10-15 iterations, whereas
Gekko’s method computes one approximation of the minimal time in about 10 seconds.

Assuming that Gekko produces reliable estimates, the accuracy of our method seems to de-
crease the further the target yf is from y0, going from about 1.8% to 37%. This can be explained
as follows: our computations were made with a fixed number of time steps, namely N0 = 20, 000;
hence the higher the theoretical minimal time is, the harder it is to establish a tight lower-bound.
Increasing N0 allows for a more precise approximation: for example, for yf = (0.5, 0.5, 0, 0)T ,
with N0 = 400, 000, the dual certificate pf = (0.874, 0.0914,−0.3008, 0.3704)T proves the bound
tmin ≥ 3.4, which is about 3.7% away from Gekko’s approximation.

On the other hand, Gekko seems to produce what might be artifacts (points (0.1,−0.4)T and
(0.2,−0.5)T ), while our computed certified lower bounds remain smooth.

More complex unsafe set Yf . Now we look at the case where ones wants to avoid a given
spherical object in space, motionless in the considered referential, regardless of the speed. In
other words, for a fixed choice of (z1, z2) ∈ R2, and ε > 0, we consider

Yf =
{

(y1, y2, y3, y4) ∈ R4, ‖(y1 − z1, y2 − z2)‖R2 ≤ ε
}
. (II.4.6)

In that case Yf is unbounded; letting z := (z1, z2, 0, 0), the support function of Yf can be
computed to be

σYf
: x 7−→ 〈z, x〉 + ε‖x‖2 + δ{y∈R4, y3=y4=0}(x),

where we use the convex analytic notation δC(x) = 0 if x ∈ C and +∞ instead. We prove below
a certified result for one such example.

Theorem II.17. Take z1 = z2 = 0.5, ε = 0.1, M2 = 1.15, M∞ = 1 and T = 1. Then Yf

is not U-reachable from (0, 0, 0, 0)T in time T . Indeed, we find

J(pf ) ∈ [−0.1146,−0.0717], with pf = (0.62, 0.78, 0, 0)T .

Moreover, since y0 = (0, 0, 0, 0)T , for any t ∈ [0, T ], Yf is not U-reachable from (0, 0, 0, 0)T

in time t.
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II.4.4 Negative semi-definite Jacobi matrices

Control problem. In this section, we report on results for some randomly generated Jacobi
matrices, with varying state dimensions n. That is, we consider matrices of the form

A =



a1 c1 0 . . . 0

c1 a2 c2
. . . ...

0 c2 a3
. . . 0

... . . . . . . . . . cn−1
0 . . . 0 cn−1 an


. (II.4.7)

with a = (a1, . . . , an) ∈ Rn, c = (c1, . . . , cn−1) ∈ Rn−1.
These matrices are real symmetric, and to the best of our knowledge, no closed-form expres-

sions are known for their eigenvalues and eigenfunctions, except in the specific case where the
ci’s are all equal. Hence, for large values of n, diagonalising A becomes intractable. Even if it
were accessible, it would be prone to numerical errors and we are not aware of any software that
does produce such a diagonalisation within interval arithmetic.

We generate such a matrix in the following way: let K > 0 and L > 0. We draw the ci’s
uniformly in [−K,K]. Then, we draw the ai’s uniformly in (−2K − L,−2K]. Thanks to the
Gershgorin circle theorem, the resulting matrix is negative semi-definite.

We consider a single control u, thus m = 1. The corresponding matrix B ∈ Rn×1 is B =
(1, . . . , 1)T . For a fixed M > 0, the constraint set is given by

U = {u ∈ R, |u| ≤ M},

for which we have σU (u) = M |u|. The target yf is chosen randomly, with i.i.d entries uniformly
in [−1, 1], then normalised such that ‖yf ‖ = 0.05.

Resolution method. Under the assumptions mentioned above, all eigenvalues of A are non-
positive according to the Gershgorin circle theorem.

As a result, we are dealing with negative semi-definite matrices, enabling us to use estimates
coming from Proposition II.14 upon using the Euler implicit scheme to approximate the matrix
exponential.

Results. In the following example, we shall take M = 1, T = 1, N0 = 1,000 and y0 = 0.

Random targets. For each chosen dimension n, we generate 200 experiments with a target yf of
fixed norm ‖yf ‖ = 0.05, and a random matrix A drawn as explained previously (with K = 2,
L = 0.1). More precisely, we run our descent algorithm to try and prove the non-U-reachability
of yf from y0 in time T . The following table shows the resulting means and standard deviations
for the midpoint and size of the obtained intervals around J( pf

‖pf ‖) where pf is the last iterate
of the optimisation algorithm.

Recalling the notation EU = {u ∈ E, t ∈ (0, T ), u(t) ∈ U for a.e. t ∈ (0, T )}, it will be
convenient to report values for the two terms involved in the definition of J , namely

J
( pf

‖pf ‖

)
= σEU

(
L∗

T

pf

‖pf ‖

)
−
〈
yf ,

pf

‖pf ‖

〉
.

Indeed, once pf and yf are fixed, only the second term depends on the target yf . Assume that
〈yf ,

pf

‖pf ‖〉 > 0 and J( pf

‖pf ‖) > 0 (so nothing is known about the U-reachability of yf ). Then one
can dilate yf , i.e. change yf to λyf with λ > 0, and obtain a value λ? > 0 such that λyf is not
U-reachable from 0 in time T , for any λ > λ?.

We also display below the proportion of targets which are proved to be non-reachable.
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n
〈
yf ,

pf

‖pf ‖

〉 Midpoints of σEU

(
L∗

T
pf

‖pf ‖

)
Radii of σEU

(
L∗

T
pf

‖pf ‖

)
Proportion of

Mean Median Standard Mean Median Standard guaranteed
deviation deviation non-reachable targets

2 0.0316 0.0027 0.0019 0.0063 0.0083 0.0082 0.0023 0.845
5 0.0369 0.0057 0.0036 0.0053 0.0148 0.0147 0.0026 0.91
10 0.0426 0.0043 0.0032 0.0033 0.0210 0.0209 0.0030 0.965
20 0.0457 0.0040 0.0035 0.0021 0.0288 0.0291 0.0032 0.97
50 0.0483 0.0067 0.0065 0.0026 0.0462 0.0461 0.0034 0.145

As the dimension n grows, one should expect that the proportion of final states yf of norm
‖yf ‖ = 0.05 that are non-U-reachable (from 0 in time T ) should approach 1, as we keep a single
control (m = 1). In fact, this is what is seen up until n = 20. Then, when the dimension is
increased to n = 50, this proportion drops to about 15% if the tolerance δ defining the stopping
criterion (II.4.1) is kept to its initial value δ = 10−5. By diminishing δ to δ = 5.10−7, we partially
mitigate this problem, guaranteeing the non-U-reachability of about 52% of states yf . Obtaining
even higher values becomes computationally prohibitive, making the case of dimension n = 100
intractable.

If, however, we increase the norms of targets yf from 0.05 to 0.1, then a tolerance of δ = 10−5

is enough to certify that almost all such targets are non-U-reachable, even in the case n = 100.
The main takeaway is that the tolerance δ should be adapted to the problem dimensions, and

to how close the target of interest is to the unknown reachable set. Another degree of liberty
is to increase the number of time steps N0, which leads to a reduction of the error term at
the expense of increased computation time. Regardless, these results suggest that our approach
suffers from a sort of curse of dimensionality.

Size of the reachable set. We then try to estimate the size of the reachable set from y0 = 0,
i.e., LTEU . For a given dimension n, we randomly choose a fixed matrix A in the same way
as before. Then, we draw 1000 vectors p̃f at random on the unit sphere of Rn, and report the
statistics obtained for (the intervals) σLT EU (p̃f ) = σEU (L∗

T p̃f ).

n
Midpoints of σEU (L∗

T p̃f ) Radii of σEU (L∗
T p̃f )

Mean Median Standard deviation Mean Median Standard deviation
2 0.3527 0.3874 0.1837 0.0087 0.0089 0.0014
5 0.3487 0.3112 0.2138 0.0138 0.0138 0.0022
10 0.3305 0.2783 0.2163 0.0204 0.0201 0.0027
20 0.2982 0.2523 0.2056 0.0292 0.0292 0.0032
50 0.3305 0.2839 0.2131 0.0467 0.0467 0.0037
100 0.3427 0.2983 0.2217 0.0651 0.0651 0.0032

As can be seen, although the midpoints of intervals are rather constant, the error term steadily
increases, which leads to more difficult proofs of non-reachability. As already mentioned, one
could increase N0 to reduce errors.

II.5 Appendix: Minimal time for the streetcar example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Proposition II.18. Let (xf , yf ) ∈ R2. The minimal time to steer system (II.4.2) from
(0, 0) to (xf , yf ) reads

T =
−syf + 2

√
1
2y

2
f + sMxf

M
, with s = sign f(xf , yf ),

using the convention sign(0) = 0, where f : R2 → R is given by

f(x, y) = x− 1
2My2 sign(y).
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Proof. Let T be the optimal time steering system (II.4.2) from (0, 0) to (xf , yf ). According to
[LM86, Chapter 1], it is well-known that optimal controls are bang-bang equal a.e. to M or
−M , with at most one switch, on the so-called switching locus defined by the implicit equation
f(x, y) = 0.

More precisely, if s < 0, then the optimal control is u = M1(0,t0) − M1(t0,T ), where t0 ≥ 0
is the switching time, in other words the first time such that f(x(t), y(t)) = 0. Conversely, if
s > 0, then u = −M1(0,t0) +M1(t0,T ). Easy but lengthy computations yield the following:

• If f(xf , yf ) = 0, then for every t ∈ [0, T ], one has

y(t) = y0 −Mt sign(yf ) and x(t) = xf − yf t− 1
2Mt2 sign(yf ).

• Conversely, if f(xf , yf ) 6= 0, then for every t ∈ [0, T ], one has

y(t) = (−yf − sMt)1(0,t0) + (yf + sM(t− 2t0))1(t0,T )

x(t) =
(
xf − yf t− 1

2sMt2
)
1(0,t0) +

(
xf − yf t+ sM(1

2 t
2 − 2t0t+ t20)

)
1(t0,T ).

To conclude, it is important to notice that if s 6= 0, then sign(y(t0)) = s, which can be easily
seen by distinguishing between several cases, depending on the sign of yf and s.

To conclude, it remains to compute the switching time t0. We claim that if f(x0, y0) 6= 0,
then

t0 = 1
M

(
−s yf +

√
1
2y

2
f + sMxf

)
.

Indeed, t0 is characterised by the equation f(x(t0), y(t0)) = 0, which can be rewritten as the
second order polynomial equation in the variable t0:

0 =
(
xf − s

1
2My2

f

)
− yf (1 + s2)t0 − sMt20.

Furthermore, the discriminant of this polynomial is positive. It follows that y(T ) = −yf +
sM(T − 2t0), and therefore T = s

M yf + 2t0. The expected conclusion follows.
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Certified non-reachability for linear parabolic PDEs

Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

III.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
III.1.1 Non-reachability issues 86
III.1.2 State of the art 86
III.1.3 Methodology and main results 87

III.2 Key results and proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
III.2.1 Functional analytic framework 90
III.2.2 Discretisation errors 91
III.2.3 Control problem 92
III.2.4 Methodology 95

III.3 Application to 1D parabolic problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
III.3.1 Preliminaries on discretisation methods 96
III.3.2 Finding pfh satisfying J∆t,h(pfh) < 0 98
III.3.3 Examples of computer-assisted proofs 99

III.4 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
III.4.1 Complex analysis 109
III.4.2 Functional analysis 110

Abstract

Analysing reachability associated to a control system is a subtle issue, especially
for infinite-dimensional dynamics, and when controls are subject to bounded con-
straints. We develop a computer-assisted framework for establishing non-reachability
in linear parabolic PDEs governed by strongly elliptic operators, extending recent
finite-dimensional techniques introduced in [Has+24] to the PDE setting. The non-
reachability of a given target is shown to be equivalent to proving that a properly
defined dual functional takes negative values. Our approach combines rigorous nu-
merics with explicit convergence estimates for discretisations of the adjoint equation,
ensuring mathematically certified results with tight error bounds. We demonstrate
the wide applicability of our framework on Laplacian-driven control systems, show-
casing its accuracy and reliability under various types of control constraints.
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III.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

III.1.1 Non-reachability issues

The context of the present work is that of constrained reachability, for linear control systems of
the form {

∂ty = Ay +Bu,

y(0) = y0.
(S)

Here X, the state space, and U , the control space, are two Hilbert spaces, y0 ∈ X, A : D(A) ⊂
X → X is an unbounded linear operator generating a C0 semigroup over X, and B : U → X is
a bounded linear operator.

Definition III.1. Let y0, yf ∈ X, T > 0 and U ⊂ U a constraint set. We say that yf ∈ X
is U-reachable from y0 in time T > 0 if there exists u ∈ L2(0, T ;U) such that u(t) ∈ U for
a.e. t ∈ (0, T ), and such that the solution to (S) associated to u satisfies y(T ) = yf .

More precisely, the methodology developed in this work applies to

(i) establishing that a given target yf is not U-reachable from y0 in time T > 0, in the case
where

U is convex, closed and bounded. (III.1.1)

(ii) in the setting of (linear) parabolic PDEs.

This chapter extends the work of Chapter II, which covers the same question within the
framework of (i) above, but in the finite-dimensional case. By (ii), we mean that we will deal
with a large subclass of mα-accretive operators with a suitable associated discretisation method
(of finite element type), see Section III.2 for the detailed definitions.

Example III.2. As an example, consider the internally controlled heat equation (on the
interval (0, 1), with Dirichlet boundary conditions)

∂ty −D∂xxy = χωu,

y(t, 0) = y(t, 1) = 0.
y(0) = y0.

(III.1.2)

with, say

D = 1, y0 = 0, ω = (1
5 ,

2
5) ∪ (4

5 , 1), U = {v ∈ L2(Ω), 0 ≤ v ≤ 1 a.e.}. (III.1.3)

Let yf ∈ L2(0, 1) and T > 0 be fixed; can one prove that yf is not U-reachable from y0 in
time T > 0? Or, equivalently given that y0 = 0 and 0 ∈ U , can one prove that T ≤ T ?

where T ? is the minimal time T > 0 for which yf is U-reachable from y0 ∈ X in time
T > 0?

III.1.2 State of the art

Constraint-free controllability for linear PDEs has been the focus of extensive study from the
70’s, leading to numerous significant results: general conditions, as the extension of Kalman’s
criterion for linear PDEs, or more specific results, such as the Geometric Control Condition for
the wave equation [MZ04], the approximate controllability and exact null controllability of the
heat equation [LR94] (see [MZ04; Boy22] for lecture notes compiling most common results).
In recent years, some papers have studied constrained controllability, or reachability of linear
ODEs and PDEs, uncovering general obstructions to controllability [DZ18; Bra72; LTZ21], due
for example to comparison principles [LTZ18], or observability-based criteria caracterising the
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controllability of various problems with (un-)bounded and (a-)symmetric constraints on the
control [Ber14; Ber19].

In this work, we focus on the reachability analysis of linear parabolic equations, typically
with internal controls, a context that has been extensively studied, both in the unconstrained
and constrained settings. For instance, for the reachable set of the heat equation with internal
unconstrained control [KNT22; ELT22; HKT20; DE18; CR22]. Constraints on the state or the
control have as well been considered, whether bounded or unbounded: [Ber20; Ant+24; CK22;
Wan08; PTZ24].

Numerous methods exist in order to analyse reachability for finite-dimensional linear systems,
including Hamilton-Jacobi type PDE formulations [MBT05; CT18], barrier functions [PJ04;
KBH18], and set propagation (see the comprehensive review in [AFG21]). To the best of our
knowledge, no such method has been designed in an infinite-dimensional setting, in such a way
that it is possible to rigorously answer a question such as the one posed in Example III.2.

Our method is based on discretising an abstract necessary and sufficient condition with ex-
plicit bounds, and using interval arithmetic. Thus, our methodology belongs to the realm of
computer-assisted proofs. It is worth noting that computer-assisted proofs based on interval
arithmetic have already been applied to PDEs: see for example [Day+04; Bal+18; NPW19;
Góm19; Kap+21; BBS24].

For a more comprehensive review of the literature, we refer the reader to Section 0.3.

III.1.3 Methodology and main results

III.1.3.a Separation argument

Let T > 0 and U ⊂ U be a fixed constraint set. We let

EU :=
{
u ∈ L2(0, T ;U), for a.e. t ∈ (0, T ), u(t) ∈ U

}
. (III.1.4)

It follows from the linearity of (S) that a given yf ∈ X is U-reachable from y0 in time T > 0
if and only if yf ∈ ST y0 + LTEU , where LT : L2(0, T ;U) → X is the linear continuous operator
defined by

∀u ∈ L2(0, T ;U), LTu =
∫ T

0
ST −tBu(t) dt. (III.1.5)

Clearly, if one finds a strictly separating hyperplane between LTEU and {yf − ST y0}, i.e., if
there exists pf ∈ X such that

sup
z∈LT EU

〈z, pf 〉 < 〈yf − ST y0, pf 〉 ⇐⇒ sup
v∈EU

〈v, L∗
T pf 〉L2(0,T ;U) < 〈yf − ST y0, pf 〉, (III.1.6)

then yf is not U-reachable from y0 in time T > 0. Introducing the notation σC : x 7→ supy∈C〈x, y〉
for the support function of a set C, and the so-called dual functional

∀ pf ∈ X, J(pf ) := σEU (L∗
T pf )−〈yf −ST y0, pf 〉 =

∫ T

0
σBU (S∗

t pf ) dt−〈yf −ST y0, pf 〉, (III.1.7)

the above condition (III.1.6) amounts to J(pf ) < 0.
In fact, this sufficient condition becomes an equivalence under our assumption that U is a

convex, closed and bounded case (and hence is convex and weakly compact). A separation
argument outlined in detail in II.2, which goes through here when applied in the weak topology
of X [Rud91, Theorem 3.4] (see as well Section I.2), leads to the following equivalence

yf is not U-reachable from y0 in time T > 0 ⇐⇒ ∃ pf ∈ X, J(pf ) < 0. (III.1.8)

The condition
[
∀ pf ∈ X, J(pf ) ≥ 0

]
, which is equivalent to U-reachability of yf from y0 in

time T > 0, is not amenable to computer-assisted proofs. Its opposite, however, is. Hence, in
order to prove that yf is not U-reachable from y0 in time T > 0, we are looking for pf ∈ X such
that J(pf ) < 0. We shall say that such an element pf is a dual certificate of non U-reachability
(of yf from y0 in time T > 0).
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Remark III.3. This approach straightforwardly extends to tackling the non-reachability
of a full set of targets Yf . By ‘ Yf is not U-reachable from y0 in time T ’, we mean
that for all yf ∈ Yf , yf is not U-reachable from y0 in time T . Then, for any closed
convex set Yf ⊂ X, a separation argument between LTEU and Yf leads to, defining
J(pf ; Yf ) := σEU (L∗

T pf ) + σYf
(−pf ) + 〈ST y0, pf 〉,

Yf is not U-reachable from y0 in time T ⇐⇒ ∃ pf ∈ X, J(pf ; Yf ) < 0. (III.1.9)

Remark III.4. We are assuming that U is closed convex and bounded, and that the control
operator B is bounded. As can be checked, our approach works under the slightly more
general assumptions that BU ⊂ X is closed, convex and bounded, and B is an admissible
operator, see [TW09] for a definition of admissibility.

III.1.3.b Minimal times

Let us explain how proving non-reachability at a given time T may lead to estimates for minimal
times. First, let us first address the obvious fact that, in the case of bounded constraints, minimal
times exist.

Lemma III.5. Let y be the solution to (S), with (A,D(A)) generating a C0 semigroup,
and BU be bounded by MBU > 0. Then for all yf ∈ X,

‖yf − ST y0‖ > sup
t∈[0,T ]

‖St‖L(X)TMBU =⇒ yf is not U-reachable from y0 in time T .

(III.1.10)

Proof. For u ∈ EU , there holds

‖y(T ) − ST y0‖ = ‖LTu‖ =
∥∥∥∥∥
∫ T

0
ST −tBu(t, ·) dt

∥∥∥∥∥ ≤
∫ T

0
‖ST −tBu(t, ·)‖ dt

≤
∫ T

0
sup

t∈[0,T ]
‖St‖L(X)‖Bu(t, ·)‖ dt ≤ T sup

t∈[0,T ]
‖St‖L(X)MBU .

Therefore, if ‖yf − ST y0‖ > supt∈[0,T ] ‖St‖L(X)TMBU , there exists no u ∈ EU such that yf =
ST y0 + LTu, which concludes the proof.

An immediate consequence of Lemma III.5 is that whenever yf 6= y0, there exists a minimal
time of reachability of yf from y0 under the constraints given by U , i.e.

T ?(y0, yf ) := inf{T ≥ 0, ∃u ∈ EU , yf = ST y0 + LTu}

satisfies T ?(y0, yf ) ∈ (0,+∞].
In general, the set on the right-hand side of the definition of T ?(y0, yf ) is not necessarily an

interval, but it happens to be when y0 = 0 or yf = 0 and if there exist controls u ∈ U such that
Bu = 0. This is the content of the following obvious lemma, see Proposition II.7 for a proof.

Lemma III.6. Assume that y0 = 0 or yf = 0, and that U ∩ ker(B) 6= ∅. Then for all
T < T ?(y0, yf ), yf is not U-reachable from y0 in time T , and for all T > T ?(y0, yf ), yf is
U-reachable from y0 in time T .

The above Lemma allows us to derive certified lower bounds for minimal times of reachability
T ?(y0, yf ). Indeed, if we have proved that yf is not U-reachable in a given time T , then T ≤
T ?(y0, yf ).
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III.1.3.c Control of discretisation and round-off errors

The notion of dual certificates allows us to develop a framework in which computer-assisted
proofs can be established. Working on the functional J , our method provides a numerically
certified dual certificate pf which ensures that the target is not reachable.

In order to implement numerical methods, we must discretise the functional J . Recall that
for a given pf ∈ X, the adjoint L∗

T acts as follows: L∗
T pf (t) = B∗S∗

T −t pf = B∗p(t), where p
solves the adjoint equation {

p′(t) +A∗p(t) = 0,
p(T ) = pf .

(III.1.11)

With this notation in place, we may write

J(pf ) =
∫ T

0
σBU (S∗

T −tpf ) dt− 〈yf , pf 〉X + 〈y0, S
∗
T pf 〉X

=
∫ T

0
σBU (p(t)) dt− 〈yf , pf 〉X + 〈y0, p(0)〉X .

(III.1.12)

In order to evaluate J(pf ), not only does one need to compute a time integral and space
integrals (the inner products in X), but more importantly, it is required to discretise the adjoint
equation (III.1.11) both in time and in space – see Section III.2.2 for details. Hence, in practice
we will only be able to evaluate a discretised function Jd, defined on a finite-dimensional subspace
Vh.

The next step, detailed in Section III.3.2, relies on optimisation algorithms to find, if it exists,
a pfh ∈ Vh for which the discretised functional Jd is negative.

Assuming such a pfh is found, it provides a dual certificate for the non-reachability of yf

provided that both discretisation and round-off errors are small enough to certify the sign of the
original functional.

For the first type of error, we derive in Theorem III.11 a fully explicit bound using functional
analytic tools, while the second type is handled using interval arithmetic, thanks to the Matlab
library INTLAB [Rum99].

In the end, we hopefully obtain a proven error bound e(pfh, pf ) ≥ 0 such that

J(pf ) ≤ Jd(pfh) + e(pfh, pf ) < 0, (III.1.13)

which establishes that pf is indeed a dual certificate for the non U-reachability of yf (from y0,
in time T ).

Using this methodology, one can prove the non-reachability of targets for a large array of
parabolic systems, which we develop in Section III.3. Let us now give an example of a certified
result obtained with our method in the context of Example III.2, applied in the setting of
parameters given by (III.1.3); in particular, recall that we have y0 = 0, T = 1.

Theorem III.7. Consider yf = x 7→ 0.037 sin(πx). Then yf is not U-reachable from y0 in
time T = 1. Going further we may prove that the minimal time T ? to reach yf from y0
under the constraints U , satisfies T ? ≥ 1.12.

Thanks to our approach, this result is certified thanks to a dual certificate pf ∈ L2(0, 1) for
which we prove J(pf ;T ) ∈ [−0.0011919,−0.0000944] < 0, for T = 1.12, and where pf can be
seen in Fig III.2.

One of the interests of our approach is that the above result cannot be recovered using the
parabolic maximum principle, since the chosen yf is below the final state reached using the
maximum allowed control u(t, x) = 1.

Extensions and perspectives Our approach relies on a few crucial hypotheses:

• convexity and compactness assumptions on the constraints and target set (III.1.1) and
(III.3) to obtain the equivalence (III.1.8)
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• continuity and coercivity of −A∗ (III.2.2) for small discretisation errors

• on a classical assumption of convergence of the family of discretisation spaces (see assump-
tion (V1)).

A first range of potential extensions of our method would be to extend it under weaker as-
sumptions. For instance, since finding pf such that J(pf ) < 0 remains a sufficient condition for
non-reachability, the method might still provide dual certificates for nonconvex target sets. Sim-
ilarly, the boundedness assumptions of B and U could be combined into the weaker assumption
of boundedness of BEU = {Bu, u ∈ EU ⊂ L2(0, T, U)}. One could then consider unbounded
constraints or an unbounded yet admissible operator B ∈ L(U,D(A∗)′), at the cost of more
complex formulae for σBEU – either with a closed formula or with precise approximations.

One could also try weakening the continuity-coercivity hypotheses, which are key to upper-
bound the discretisation errors with small constants regarding to the final time. This could
involve restricting the search for dual certificates in a subspace where −A∗ is continuous and
coercive, at the cost of equivalence (III.1.8), or ignore completely these hypotheses and try
to manage constants growing exponentially with T , a major hindrance for computer-assisted
proofs. This extension could for instance be done using different time-discretisation schemes
(see Remark III.10), and could for instance allow changes of boundary conditions.

Other leads include major changes of the partial differential equation: an extension to non-
homogeneous non-autonomous linear systems of the form ∂ty(t) = A(t)y(t) + B(t)u(t) + v(t)
would require the use of resolvents to obtain (less accurate) discretisation error bounds. A
significantly bolder perspective would be tackling semilinear or nonlinear parabolic equations.
Our approach being fundamentally reliant on the linearity of LT to compute σLT EU , this would
require significant modifications, perhaps necessitating proving inclusions of the reachable set
in those of an appropriately chosen linear PDE.

Outline of the article. In Sections III.2.1 and III.2.2, we provide details about the func-
tional analytic framework of the method, as well as the different hypotheses we make both on
the operator A and on the discretisation methods. Proposition III.9 outlines the error bounds
associated to discretising the adjoint equation (III.1.11). Section III.2.3 contains the main theo-
retical result, that is, Theorem III.11 which provides precise discretisation errors incurred when
approximating the dual functional J mentioned in (III.1.13) by its discretised counterpart Jd.
Finally, Section III.2.4 summarises the whole method and hypotheses.

Section III.3 is devoted to exploiting these theoretical results: in Section III.3.1, we give
precisions as to the discretisation and interpolation methods used thereafter. Section III.3.2 is
dedicated to good practices on how to find pfh satisfying Jd(pfh) < 0. Finally, in Section III.3.3,
we apply the methods and provide (computer-assisted) proofs of non-reachability for several 1D
heat-like equations with various sets of constraints U , operators B and target sets Yf .

III.2 Key results and proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

III.2.1 Functional analytic framework

Here, we introduce some of the needed terminology at the level of an abstract operator denoted
by A. Ultimately, if A is the operator underlying the control problem, −A∗ will play that role.

Let X and V ⊂ X be two complex Hilbert spaces, with V densely and continuously embedded
into X, equipped with the norms ‖ · ‖X (associated to the inner product 〈·, ·〉X) and ‖ · ‖V . For
ease of readability, we will drop the subscript X when dealing with ‖ · ‖X and 〈·, ·〉X . Let us
identify X and its dual X ′, with the associated Gelfand triple V ⊂ X ⊂ V ′.

Remark as well that even though we need complex Hilbert-space to make use of operator and
semigroup theory, we have defined the separation argument (III.1.8) over a real Hilbert-space.
This separation argument would stand in a complex Hilbert-space – at the cost of considering
real parts of every scalar product. Similarly to the convention used in Chapter I (see Page 32),
as all our examples in Section III.3.3 are real-valued, there we shall consider real-Hilbert spaces.
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We are also given A ∈ L(V, V ′), along with its domain

D(A) = {x ∈ V,Ax ∈ X}. (III.2.1)

Assume that A satisfies, for 0 < a0 ≤ a1:

∀ (v, w) ∈ D(A) × V,

{
|〈Av, w〉| ≤ a1‖v‖V ‖w‖V

Re (〈Av, v〉) ≥ a0‖v‖2
V .

(III.2.2)

A simple division then proves that A satisfies the sectoriality property

∀ v ∈ D(A), 〈Av, v〉 ∈ Sα :=
{
z ∈ C, z = 0 or | arg z| ≤ α

}
, (III.2.3)

with α = Arccos(a0
a1

) satisfying 0 ≤ α < π
2 . Furthermore, applying Lax-Milgram’s theorem to

w(z Id −A) for a well-chosen w ∈ C∗ provides that

∀ z /∈ Sα, z Id −A : D(A) → X is an isomorphism. (III.2.4)

The combination of (III.2.3) and (III.2.4) corresponds to (A,D(A)) being a so-called mα-
accretive operator. We shall need to use functions of such operators: if r is a rational fraction,
bounded on Sα, written in the form

r(z) = r(∞) +
∑
j∈I

rj

(αj − z)mj
,

with I a finite set, αj /∈ Sα, then we may define r(A) ∈ L(X) by

r(A) := r(∞)Id +
∑
j∈I

rj (αjId − zA)−mj .

This definition then straightforwardly extends to functions f that may be written as the
uniform limit of such rational fractions in Sα – see Section I.1 for details about functions of
operators. For this class of functions, we have the important following estimate.

Theorem III.8 ([CD03]). For any function f : Sα → C that is the uniform limit of
bounded rational fractions on Sα,

‖f(A)‖L(X) ≤ Cα sup
z∈Sα

|f(z)|, (III.2.5)

where Cα ≤ 2 + 2√
3 .

It is commonly known that the opposite of a mα-accretive operator generates a C0 semigroup
(see Remark I.11). Furthermore, the second inequality of (III.2.2) implies that A is an isomor-
phism from V to V ′ by the Lax-Milgram theorem, with inverse A−1 : V ′ → V . Finally, we may
define the adjoint A∗ ∈ L(V ′, V ) of A.

III.2.2 Discretisation errors

We now introduce discretisation in space. Let Vh be a finite-dimensional subspace of V , of
dimension denoted Mh, associated to a discretisation parameter h > 0.

Let Ah : Vh → Vh be defined by

∀ vh, wh ∈ Vh, Ahvh ∈ Vh and 〈Ahvh, wh〉 = 〈Avh, wh〉. (III.2.6)

We will be considering standard assumptions concerning the discretisation properties associ-
ated to Vh: there exists C0 > 0 such that

∀ f ∈ X, inf
vh∈Vh

‖A−1f − vh‖V + inf
vh∈Vh

‖(A∗)−1f − vh‖V ≤ C0 h‖f‖. (V1)
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Given z0 ∈ X, we are interested in approximating the unique solution z ∈ C1((0,∞); D(A)) ∩
C0([0,∞);X) to {

z′(t) = −Az(t)
z(0) = z0.

(III.2.7)

Considering Euler’s implicit scheme for the corresponding discrete problem (through Vh), we let
N0 ∈ N∗, ∆t := T

N0
and for zh,0 ∈ Vh consider

∀n ∈ {0, . . . , N0}, zh,n = (Id +∆tAh)−n zh,0. (III.2.8)

The associated error can be estimated is as follows.

Proposition III.9. Assume that the couple given by (A,D(A)) and Vh satis-
fies (III.2.2)-(V1), and let z0 ∈ D(A), zh,0 ∈ Vh. Then, letting z : [0, T ] → X be the
solution to (III.2.7) and zh,n, n ∈ {0, . . . , N0} be defined by (III.2.8), we have

∀n ∈ {0, . . . , N0}, ‖z(tn) − zh,n‖ ≤ Cα‖z0 − zh,0‖ +
(
C2h

2 + C3∆t
)

‖Az0‖. (III.2.9)

where{
C2 = C1

(
7 + 4 ln(2)a1

a0
+ Cα

)
,

C3 = a1
a0
Cα,

C1 =


a2

1C2
0

a0
in general,

a
3/2
1 C2

0
4a

1/2
0

if (A,D(A)) is self-adjoint.

We do not claim any originality with respect to this type of estimate; our contribution here
is to derive it with explicit and optimised constants, a critical step for our approach to succeed.
Its proof is postponed to the Appendix.

Remark III.10. In this article, we have only considered Euler’s implicit time-
discretisation scheme to approximate (III.2.7). A more general class of schemes consists in
using Euler’s implicit scheme to discretise{

w′(t) = κw(t) − Aw(t)
w(0) = z0,

(III.2.10)

and then notice that z(t) = e−κtw(t). This could have two main advantages: firstly, if A
is a0-coercive and a1-continuous, and if V is continuously embedded in X with constant
c, then A − κ Id is (a1 + c2κ)-continuous, and if 0 < κ < a0

c2 then A − κ Id is (a1 − c2κ)-
coercive. Therefore one can apply Proposition III.9 to (III.2.10) and obtain discretisation
errors decreasing exponentially with time.
On another hand, these schemes could help extending the method to non-coercive opera-
tors: if A − κ Id is coercive for κ < 0, then the same trick allows to use Proposition III.9
and obtain explicit discretisation errors – admittedly, those increase exponentially in time
and would therefore be of little use even on small timescales.
Notice as well that we could consider spectral methods: in the rare case where one has
access to eigenvalues and eigenvectors of A, then one could avoid all discretisation errors
related to the discretisation of (III.2.7).

III.2.3 Control problem

We are now given the control problem (S), a family of finite-dimensional subspaces Vh (of
dimension denoted Mh) indexed by h > 0. The important assumptions for us will concern the
unbounded operator A := −A∗, with domain D(A∗) and the finite dimensional subspaces Vh:

• (A,D(A)) satisfies (III.2.2),
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• (A,D(A)) and the family Vh satisfy (V1).

As before, we introduce the corresponding notation Ah, defined by the relation (III.2.6).
We recall the assumption (III.1.1) that U is closed, convex and bounded. We let MBU > 0 be

defined by
MBU := sup

u∈U
‖Bu‖X .

Note that we always have MBU ≤ ‖B‖L(U,X)MU , where MU = supu∈U ‖u‖U .
Starting from the equation (III.1.12) (and with the change of variable t = T − t within the

integral), we have

∀ pf ∈ X, J(pf ) =
∫ T

0
σBU (S∗

t pf ) dt− 〈yf , pf 〉X + 〈y0, S
∗
T pf 〉X . (III.2.11)

We now define the fully discretised functional J∆t,h by, for all pfh ∈ Vh,

J∆t,h(pfh) = ∆t
N0∑

n=1
σBU ((Id +∆tAh)−npfh) − 〈yf , pfh〉 +

〈
y0, (Id +∆tAh)−N0pfh

〉
(III.2.12)

Then, our main result in controlling discretisation errors for the functional of interest is as
follows.

Theorem III.11. Assume that (−A∗,D(A∗)) and the family Vh satisfy (III.2.2) as well
as (V1). Then for all pf ∈ D(A∗), pfh ∈ Vh, we have

|J(pf ) − J∆t,h(pfh)| ≤
(

1
2MBUT∆t+ (‖y0‖ +MBUT )

(
C2h

2 + C3∆t
))

‖A∗pf ‖

+
(
(‖y0‖ +MBUT )Cα + ‖yf ‖

)
‖pf − pfh‖.

(III.2.13)

Proof. We decompose the error in the form

|J(pf ) − J∆t,h(pfh)| ≤ |J(pf ) − J̃(pf )|︸ ︷︷ ︸
(I)

+ |J̃(pf ) − J∆t,h(pfh)|︸ ︷︷ ︸
(II)

, (III.2.14)

where

∀ pf ∈ X, J̃(pf ) := ∆t
N0∑

n=1
σBU (S∗

tn
pf ) − 〈yf , pf 〉 + 〈y0, S

∗
T pf 〉. (III.2.15)

Estimate for the term (I). Recall that for a K-Lipschitz continuous function f : [0, T ] → R,
we have the estimate ∣∣∣∣∣∣

∫ T

0
f(t) dt− ∆t

N0∑
k=1

f
(
k∆t

)∣∣∣∣∣∣ ≤ 1
2KT∆t. (III.2.16)

Our aim is now to apply the above estimate to f : t 7→ σBU (S∗
t pf ). Since BU is bounded (by

MBU > 0), σBU is MBU -Lipschitz continuous (recall Proposition I.18), hence we have

|f(t) − f(s)| ≤ MBU ‖S∗
t pf − S∗

spf ‖. (III.2.17)

Since pf ∈ D(A∗), t 7→ S∗
t pf is of class C1 on [0, T ] of derivative t 7→ A∗S∗

t pf , hence

|f(t) − f(s)| ≤ MBU sup
t∈[0,T ]

‖A∗S∗
t pf ‖ |t− s| ≤ MBU‖A∗pf ‖ |t− s|, (III.2.18)

where we used A∗S∗
t pf = S∗

tA
∗pf and, given that −A∗ is mα-accretive, the bound ‖S∗

t ‖L(X) ≤ 1
for all t ≥ 0. Summing up, the above Lipschitz estimate entails

(I) = |J(pf ) − J̃(pf )| ≤ 1
2∆tMBU T ‖A∗pf ‖ (III.2.19)
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Estimate for the term (II). First, we write

|J̃(pf ) − J∆t,h(pfh)| ≤ ∆t
N0∑

n=1

∣∣σBU (S∗
tn
pf ) − σBU ((Id +∆tAh)−npfh)

∣∣ (III.2.20)

+
∣∣∣〈y0, S

∗
T pf − (Id +∆tAh)−N0pfh

〉∣∣∣+ ‖yf ‖‖pf − pfh‖. (III.2.21)

Using Proposition III.9 with A = −A∗,∣∣∣ 〈y0, S
∗
T pf − (Id +∆tAh)−N0pfh

〉 ∣∣∣ ≤ ‖y0‖‖S∗
T pf − (Id +∆tAh)−N0pfh‖

≤ ‖y0‖
(
Cα‖pf − pfh‖ +

(
C2h

2 + C3∆t
)

‖A∗pf ‖
)
.

The error related to the sum reads, still using Proposition III.9 with A = −A∗,

∆t
N0∑

n=1

∣∣σBU (S∗
tn
pf ) − σBU ((Id + ∆tAh)−npfh)

∣∣ ≤ ∆tMBU

N0∑
n=1

‖S∗
tn
pf − (Id +∆tAh)−npfh‖

≤ MBUT
(
Cα‖pf − pfh‖ +

(
C2h

2 + C3∆t
)

‖A∗pf ‖
)
.

Combining all the above estimates, we arrive at the announced result.

Remark III.12. Following Remark III.3, if the closed convex set Yf is also bounded (say
by MYf

), then the updated discretisation error bound as in Theorem III.11 reads

|J(pf ; Yf ) − J∆t,h(pfh; Yf )| ≤
(

1
2MBUT∆t+ (‖y0‖ +MBUT )

(
C2h

2 + C3∆t
))

‖A∗pf ‖

+
(
(‖y0‖ +MBUT )Cα +MYf

)
‖pf − pfh‖.

Remark III.13. Notice that the time-discretisation constants may be suboptimal in both
Proposition III.9 and Theorem III.11. Indeed, they have been computed under the only
assumption that A is a mα-accretive operator, and not accounting for its coercivity. This
might induce an upper-bound of the form: for all t ≥ 0, ‖S∗

t ‖ ≤ γe−εt, with γ ≥ 1, ε > 0,
which would tighten the estimates of (III.2.17- III.2.18) (see Remark III.10 for a lead
on obtaining those estimates). As for the discretisation errors on the adjoint equation
(III.2.7), the estimates can be traced back through Proposition III.9 to (III.4.15), where
the supremum of the implicit Euler scheme is taken on Sα. Instead, it could be taken on
the numerical range, defined as

W (A) = {〈Ax, x〉, x ∈ D(A), ‖x‖X = 1} ⊂ C.

However, although the literature about this set is extensive (see for instance [CD03; CP17;
CG19] and the references therein), forfeiting the sectorial simplification might increase the
value of the equivalent of the constant Cα in Theorem III.8.

Remark III.14. A critical choice when it comes to applying our method is that of Vh. In
view of the estimate given by Theorem III.11, there are two main approaches.

• The first one is to rely on simple and thoroughly studied discretisation subspaces, such
as the finite element method. Numerical computations and estimates of constants are
made easier, but we typically do not have pfh ∈ D(A∗). Hence, we must interpolate
pfh in some way to get pf ∈ D(A∗), which in turn requires to appropriately bound
‖pf − pfh‖.

• The second one is to choose Vh ⊂ D(A∗) (for instance, splines) so that we may
simply set pf = pfh, thus circumventing the interpolation problem altogether. The
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price to pay is that the computation of mass and stiffness matrices is much more
complex. Also, a larger dimension for the subspaces Vh is required to get the same
discretisation parameter h, which results in increased computational costs.

The examples studied in Section III.3.3 will be made using the first approach, with P1 finite
elements. We have also considered the second method using cubic splines (see Subsubection
I.3.2.b for details about spline discretisation spaces): this is a more challenging method,
theoretically first and especially numerically, which has not yet yielded better results than
the first one. To improve it, one might assume more regularity (for instance, D((A∗)2)) of
the initial condition in Proposition III.9, to obtain a higher order space convergence. To
tackle this, we have proved in Subsubection I.3.2.c approximation results, which in turn
require interpolation of cubic splines into more regular functions – for instance, the heptic
splines introduced in Subsubsection I.3.2.d.
Howver, such a new interpolation method would face two main hindrances: first, the time-
discretisation convergence is limited to order 1 (recall that we also have to approximate
the integral of the Lipschitz functional σU ), which somewhat mitigates the impact of a
higher order of convergence with respect to space. On another note, this method requires
much heavier numerical computations. This, as we will see in Section III.3, will lead to
high rounding errors, which quickly overwhelm discretisation errors.

In practice, there will be a natural basis (ψ1, . . . , ψMh
) for Vh, yielding a mapping

Ih : z ∈ RMh 7→
Mh∑
i=1

zi ψi ∈ Vh. (III.2.22)

Then, the operator Ah is equivalent to the product of matrices M−1K in the basis (ψ1, . . . , ψMh
),

where for all i, j ∈ {1, . . . ,Mh},

Mi,j = 〈ψi, ψj〉 and Ki,j = 〈Aψj , ψi〉. (III.2.23)

In other words, Ih(M−1Kz) = AhIhz for all z ∈ RMh . In the finite element setting, M and K
are the so-called mass and stiffness matrices, respectively.

As a result, the numerically implemented function, as a function of z ∈ RMh , is J∆t,h(pfh) =
J∆t,h(Ihz), where

J∆t,h(Ihz) = ∆t
N0∑

n=1
σBU (Ih(Id +∆tM−1K)−nz) − 〈yf , Ihz〉 +

〈
y0, Ih(Id +∆tM−1K)−N0z

〉
.

(III.2.24)
In order to actually implement the above function, we will assume that B, σU , y0 and yf are
such that

• we may compute σBU (Ihz) explicitly as a function of z ∈ RMh ,

• we may compute 〈yf , Ihz〉 and 〈y0, Ihz〉 explicitly as a function of z ∈ RMh , which by
linearity is equivalent to having explicit access to 〈y0, ψi〉, 〈yf , ψi〉 for i ∈ {1, . . . ,Mh}. In
the case of a set Yf , we need to be able to compute σYf

(Ihz) as a function of z ∈ RMh .

III.2.4 Methodology

We here give the overall methodology underlying our method in full detail.

Control problem. The control problem of the form (S) is defined by the state space X, the
control space U , the operator (A,D(A)), the bounded control operator B ∈ L(U,X), and the
bounded convex and closed constraint set U containing 0.

We are given y0 ∈ X, yf ∈ X, and a final time T > 0, and we are interested in establishing
that yf is not U-reachable from y0 in time T .

We first need to check that (−A∗,D(A∗)) (with D(A∗) ⊂ V , V densely and continuously
embedded in X) satisfies (III.2.2), where we must explicitly compute a0, a1.
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Space discretisation. We then choose a family of approximation spaces Vh ⊂ V such that the
couple formed by (−A∗,D(A∗)) and Vh should satisfy (V1), where we must explicitly compute
C0.

For a suitable basis (ψ1, . . . , ψMh
) of Vh, we compute the mass and stiffness matrices associated

to the discretisation method, given by (III.2.23).
Then, letting Ih : z 7→

∑Mh
i=1 ziψi, assuming that these can be computed explicitly, we compute

σBU (Ihz), 〈yf , Ihz〉 and 〈y0, Ihz〉 explicitly as a function of z ∈ RMh – closed formulae are
available for most classical control constraints and discretisation spaces.

Minimising the discrete functional. At this stage, we have access to the discretised func-
tional z 7→ J∆t,h(pfh) = J∆t,h(Ihz).

We perform a primal-dual algorithm (see Subsection III.3.2 for more details) to try and
minimise the functional z 7→ J∆t,h(Ihz), in order to find z ∈ RMh such that J∆t,h(Ihz) < 0.

Choosing a possible dual certificate. Assuming we have found some z ∈ RMh satisfying
J∆t,h(Ihz) < 0, we then aim at applying Theorem III.11. We hence need to come up with a
possible choice of dual certificate pf ∈ D(A∗) based on pfh := Ihz.

In this case, we are faced with the following alternative:

• if Vh ⊂ D(A∗), then we may directly choose pf = pfh, in which case we directly apply the
estimate of Theorem III.11 since ‖pf − pfh‖ = 0,

• if the above inclusion does not hold, we interpolate into pfh into some pf ∈ D(A∗) by an
appropriately chosen procedure. In this case, we need to bound ‖pf − pfh‖ explicitly.

In both cases, we end up with a bound

|J(pf ) − J∆t,h(pfh)| ≤ C,

where C is known explicitly.

Checking that the proposed certificate is valid. Once pf has been chosen, we compute
the quantity J∆t,h(pfh) + C by means of interval arithmetic. This computation leads to an
interval, and if its upper bound is negative, so is J(pf ), thereby concluding the proof that yf is
not U-reachable from y0 in time T .

III.3 Application to 1D parabolic problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

We now apply the general methodology outlined in Subsection III.2.4 to several 1D parabolic
equations and systems with the Dirichlet Laplacian as the main operator.

We shall demonstrate the versatility of the method with different examples, namely

• the 1D heat equation with Dirichlet boundary conditions and internal control, with two
different types of constraints: symmetric L2 constraints, then nonnegativity and L∞ con-
straints,

• on a underactuated system of 1D coupled heat equations, where only one equation is
internally controlled (with bilateral constraints).

III.3.1 Preliminaries on discretisation methods

To apply our method to the aforementioned examples, one need to choose appropriate discreti-
sation spaces Vh, compatible with the hypotheses underlying Theorem III.11. First, we need the
couple formed by (−A∗,D(A∗)) and Vh to satisfy (V1).

Since we will be dealing with (variations around) the Dirichlet Laplacian, we will be using
standard P1 finite elements. Estimates for these are readily available, albeit usually not with
explicit and optimised constants.
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For problems involving the Dirichlet Laplace operator, these will lead to functions pfh /∈
D(A∗). As mentioned in Remark III.14, we will then employ interpolation to obtain pf ∈ D(A∗)
from pfh. This procedure will be carried out using cubic splines; the rationale behind this choice
is Lemma III.16 below.

Discretisation using P1 finite elements

Let us gather the few main results needed regarding P1 finite elements – we refer for instance
to [QSS06, Section 3] for a more precise setup. First, in view of the fact that the main operator
of interest will be the Dirichlet Laplacian, we shall recall the following standard estimates with
explicit constants. For the proof, we refer to Proposition I.51.

Proposition III.15. Let Nh ≥ 1, h = 1
Nh

and xi = ih for i ∈ {0, . . . , Nh}. Denoting by
(ψi)i∈{1,...,Nh−1} the usual P1 finite element basis (with Dirichlet boundary conditions), we
have for all f ∈ H2(0, 1) ∩H1

0 (0, 1),∥∥∥∥∥∥f −
Nh−1∑
i=1

f(xi)ψi

∥∥∥∥∥∥
H1

0

≤ h√
2

‖f ′′‖L2 , (III.3.1)

and ∥∥∥∥∥∥f −
Nh−1∑
i=1

f(xi)ψi

∥∥∥∥∥∥
L2

≤ h2

2
√

2
‖f ′′‖L2 . (III.3.2)

Interpolation using cubic splines

A function pfh obtained by the P1 finite element method satisfies pfh ∈ H1
0 (0, 1), and hence is

not in D(∆) = H2(0, 1) ∩H1
0 (0, 1) in general (here, ∆ stands for the Dirichlet Laplacian).

As already explained, it will be necessary to interpolate this function to build pf ∈ D(∆)
so as to make use of Theorem III.11. Such an interpolation should be done while making the
discretisation error negligible. For a given choice of discretisation parameters ∆t, and h, this
will be all the more likely that both terms ‖pf − pfh‖ and ‖A∗pf ‖ are small. If A = ∆, then by
the estimate (III.3.2), ‖pf − pfh‖L2 can be controlled by ‖p′′

f ‖L2 .
All in all, a natural requirement is to interpolate pfh into pf in a way that makes ‖p′′

f ‖L2

as small as possible. Using the following Lemma (see [De 01, Chapter V, Theorem (5-7)] for
details), we are then led to using cubing splines – see also Section I.3 for details about spline
interpolation.

Lemma III.16. Using the notations of Proposition III.15, given a vector (qi)i∈{0,...,Nh},
the following optimisation problem

inf
f∈H2(0,1)

∀ i∈{0,...,Nh}, f(xi)=qi

‖f ′′‖L2 . (III.3.3)

has a unique minimiser given by a cubic spline (that is, it is a cubic polynomial on each
(xi, xi+1), i ∈ {0, . . . , Nh − 1}). Furthermore, it is a C2([0, 1]) function satisfying f ′′(0) =
f ′′(1) = 0.

As a result, if pfh ∈ H1
0 (0, 1) is a function associated to P1 finite elements, we choose the

cubic spline associated to previous lemma, imposing pf (0) = pf (1) = 0 and pf (xi) = pfh(xi)
for all i ∈ {1, . . . , Nh − 1}. The resulting function is of classe C2 and vanishes at the boundary,
hence it is in D(∆).
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III.3.2 Finding pfh satisfying J∆t,h(pfh) < 0
Given the discretised functional J∆t,h defined by (III.2.12), a key step is to efficiently find
pfh ∈ Vh at which it takes negative values, if it ever exists. This can be a computationally
challenging step that must consequently be carried out with care. First, it is critical that this
step can be done completely independently from certifying the negativity of J(pf ): any method
and acceleration available to minimise J∆t,h can (and should) therefore be used.

In particular, one should not minimise the functional within interval arithmetic, which con-
siderably slows computations down. Instead, interval arithmetic should only be used once the
pair (pfh, pf ) has been determined to certify the value of J∆t,h(pfh) and of J(pf ).

Another trick to help with the minimisation process is noticing that ultimately, J∆t,h is nothing
more than a proxy to get to J . Intuitively, it follows that if for h > 0, Vh is well-enough crafted,
an optimal pfh ∈ Vh should be ‘close’ to a good candidate pf ∈ D(A∗). In this regard, it can
greatly improve the efficiency of the minimisation process to first minimise J∆t1,h1 to obtain a
numerical pfh1 , which can then be interpolated into pf ∈ D(A∗) using the methods mentioned in
Section III.3.1, and discretised again into pfh2 ∈ Vh2 to evaluate the much more finely discretised
J∆t2,h2 , with 0 < h2 < h1 and 0 < ∆t2 < ∆t1. For example, the dual certificate in Corollary
III.21 has been computed with h1 = 10−2,∆t1 = 5 · 10−4, then reinterpolated so that the final
result has been computed with discretisation parameters h2 = 1.6 · 10−3,∆t2 = 9 · 10−6, a mesh
size that would have significantly slowed the minimisation stage down.

Fenchel duality context

First, let us notice that one can address the question of finding pf ∈ X by considering the
optimisation problem

d := inf
pf ∈X

J(pf ) = inf
pf ∈X

σEU (L∗
T pf ) − 〈yf , pf 〉 + 〈y0, S

∗
T pf 〉. (III.3.4)

It is critical to see that J is positively 1-homogeneous: as a result, if there exists pf such that
J(pf ) < 0, then d = −∞. If not, then d = 0. In other words, we are faced with the following
alternative: d = 0 if and only if yf is U-reachable from y0 in time T , and d = −∞ if and only if
it is not.

Now, as pointed out in Section I.2, this optimisation problem is the Fenchel-dual to the
following primal problem

π := inf
u∈L2(0,T ;U)

δEU (u) + δ{yf −ST y0}(LTu), (III.3.5)

where δC is the convex indicator of a set C (taking the value 0 in C, and +∞ outside of C). By
our previous arguments, we have d = −π; such a strong duality can also be proved by using the
Fenchel-Rockafellar theorem.

This duality structure allows for efficient minimisation algorithms, such as the Chambolle-
Pock primal-dual algorithm [CP11]. For appropriately chosen step sizes, they are known to
converge to saddle points of the associated saddle point functional whenever such points exist.
Remark that in practice convergence of such algorithms would depend on the strong duality
of the discretised primal and dual problems: this is linked to the reachability analysis of the
discretised control problem – which is a complex question in itself, see for instance [Boy13].

However, notice that in the case of non-reachability, the saddle-point of the continuous primal-
dual problem does not exist; thus the algorithm will not converge, and the norm of the iterates
might diverge. For reasons we will evoke later in this section, this is not an issue (see (III.3.7)),
and we shall therefore not delve into a convergence analysis of the algorithm in the discrete
setting.

Consequently, some stopping criterion must be chosen in order to converge onto a pfh. In
practice, two such criteria are used in the numerical experiments: a numerical check of whether
J∆t,h seems negative enough, and another of whether the algorithm is still moving, in the sense
that ‖ pi+1

‖pi+1‖ − pi

‖pi‖‖ is small enough. The result of that ‘minimisation’ step will abusively be
called ‘minimiser of J∆t,h’.
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Regularisation

Recalling that the discretisation error ultimately depends on the minimisers regularity (and more
precisely on ‖A∗pf ‖, see Theorem III.11), one might consider a regularisation of the primal-
dual problem. Notice that such a regularisation might provide convergence guarantees of the
minimisation algorithm as well. An interesting choice is to consider the following dual functional
(and its discretisation):

∀ pf ∈ D(A∗), Jλ(pf ) = J(pf ) + λ

2 ‖A∗pf ‖2, (III.3.6)

where λ > 0 can be thought of as a regularisation parameter. In that case, since A∗ satisfies
(III.2.2) and V is continuously embedded in X, Jλ is strongly convex and thus we have the
existence and uniqueness of a minimiser of Jλ on D(A∗). Furthermore, using the Chambolle-
Pock algorithm, one attains a convergence rate towards the saddle-point of O( 1

k ). The major
advantage of choosing such a regularisation term can be seen in Theorem III.11. Indeed, the
computed-assisted proof of non-reachability essentially boils down to

∃ (pfh, pf ) ∈ Vh × D(A∗),
J∆t,h(pfh)

‖A∗pf ‖
< −C, (III.3.7)

where C > 0 is a constant depending on many parameters, including ∆t and h. This follows
from an upper bound of ‖pf −pfh‖ using (H1). In that context, it is natural to try and minimise
‖A∗pf ‖ as well, hence the regularisation term above. However, since both J∆t,h and pf 7→ ‖A∗pf ‖
are 1-homogeneous, the important component of pf is not its norm, but its direction. One can
thus wonder what choice of λ is optimal.

As it turns out, the following lemma proves that the choice of λ does not influence the direction
of the minimiser. We refer the reader to Lemma I.28 for its proof.

Lemma III.17. Let f : X → R and g : X → R be two convex continuous functions such
that

∀α ≥ 0,∀x ∈ X

{
f(αx) = αf(x)
g(αx) = α2g(x).

(III.3.8)

Assume furthermore that g is positive outside of 0. Then,

inf
x∈X

f(x) + λ

2 g(x) = − 1
2λ sup

s∈Sg

(min(f(s), 0))2 , (III.3.9)

and if the sup is reached, then:

∃ p ∈ X, ∀λ > 0,∃ r > 0, f(rp) + λ

2 g(rp) = inf
x∈X

f(x) + λ

2 g(x). (III.3.10)

Therefore the choice of λ > 0 has no influence over the direction of Jλ’s ‘minimiser’. Note
however that choosing a ‘reasonable value’ of λ may improve the theoretical or numerical con-
vergence rate of the minimisation algorithm being used. Indeed, for λ > 0, Jλ is λa0 strongly
convex, one can use an accelerated version of Chambolle-Pock’s algorithm (see [CP11] for details)
and obtain better convergence rates. In that case, the convergence of the iterations (pk)k∈N of
the algorithm towards a minimiser p? essentially satisfies the following statement: for a constant
C > 0 depending on parameters of the problem and for k ∈ N,

‖pk − p?‖ ≤ C

λa0k
. (III.3.11)

III.3.3 Examples of computer-assisted proofs

Let us first note that Lemma III.5 provides a benchmark we can compare our approach to. The
corresponding bound can easily be turned into a computer-assisted proof, but its interest for us

99



III
:

No
n-
Re

ac
ha

bi
lit
y
of

PD
Es

III
:

No
n-
Re

ac
ha

bi
lit
y
of

PD
Es

III
:

No
n-
Re

ac
ha

bi
lit
y
of

PD
Es

III
:

No
n-
Re

ac
ha

bi
lit
y
of

PD
Es

will be to make sure that all the results we obtain are coherent with this estimate, and to prove
‘new’ results, namely results that were not already known by applying this basic rule.

III.3.3.a 1D heat equation

We here consider the 1D heat equation with Dirichlet boundary conditions, namely
∂ty(t, x) − ∂xxy(t, x) = χωu(t, x) (t, x) ∈ (0, T ] × [0, 1],
y(0, x) = y0(x) x ∈ [0, 1],
y(t, 0) = y(t, 1) = 0 t ∈ (0, T ].

(S)

The control problem is set with X = L2(0, 1), V = H1
0 (0, 1), A = ∂xx is the Dirichlet Laplace

operator with domain D(A) = H2(0, 1) ∩H1
0 (0, 1), and the control operator is B = χω, so that

U = L2(0, 1).
First, it is classical that −A∗ is selfadjoint, namely −A∗ = −A with domainH2(0, 1)∩H1

0 (0, 1),
and that it satisfies (III.2.2) with a0 = a1 = 1, and hence is mα accretive with α = 0.

As mentioned in the previous section, we shall discretise −A∗ using P1 finite elements, in
which case Proposition III.15 yields C0 =

√
2. We will now present the versatility of our method

on different possible constraints. To avoid confusion, we will sometimes highlight the dependence
of the functional J with respect to the target or the final time, by writing J(pf ; yf ) or J(pf ;T ).

Toy example. The goal of this example is to consider a situation where we may compare
our approach to known results obtained by basic calculations. To that end, we consider the
system (S) with

y0 = 0, ω = Ω, U = {u ∈ U, ‖u‖U ≤ 1}. (III.3.12)

In this setting, note that B = Id and MBU = 1, and a simple calculation provides

∀ v ∈ X, σBU (v) = ‖v‖X . (III.3.13)

Finally, we focus on the case where yf = λψk, with λ ∈ R and ψk := sin(kπ·). In this
simplified setting, we obtain an explicit characterization of non-reachability.

Lemma III.18. The following statements are equivalent:

• λψk is U-reachable from 0 in time T > 0

• There holds

|λ| ≤ λ?
k :=

√
2MBU

1 − e−k2π2T

k2π2 .

Proof. We first prove the direct implication, assuming that λψk is reachable with some control
u. Let us decompose u(t, x) as follows: u(t, x) = α(t)ψk(x) + β(t)v(t, x), where the function
v(t, ·) satisfies the orthogonality condition: for all t ∈ [0, T ], 〈ψk, v(t, ·)〉 = 0. Then

λ

2 = 〈y(T ), ψk〉 = 〈LTu, ψk〉 = 〈u, L∗
Tψk〉 =

∫ T

0
〈u(t), S∗

T −tψk〉 dt

=
∫ T

0
〈α(t)ψk + β(t)v(t, ·), e−k2π2(T −t)ψk〉 dt = 1

2

∫ T

0
α(t)e−k2π2(T −t) dt.

Moreover, from the constraints (III.3.12), we have that for all t ∈ [0, T ], ‖u(t)‖ ≤ 1. Thus, for
all t ∈ [0, T ], |α(t)| ≤

√
2MBU , which implies that

|λ| ≤
√

2MBU

∫ T

0
e−k2π2(T −t) dt =

√
2MBU

1 − e−k2π2T

k2π2 =: λ?
k. (III.3.14)

We have thus shown that if λψk is reachable, then |λ| ≤ λ?
k. The converse implication follows

easily by computing LTu, where the control u is defined by u(t, x) := λ
λ?

k

√
2MBUψk.
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Building upon this analytic upper bound, we discuss the effectiveness of the method in Fig
III.1. In this table, we calculate certified upper bounds λ∆t,h

k of λ?
k using the aforementioned

method for different parameters of discretisation, for T = 1 and M = 1. Those λ∆t,h
k are

computed as a close upper-bound of

inf{λ ≥ 0, J∆t,h((ψk)d; yf = λψk) + er((ψk)d) + er(ψk,∆t, h) < 0}.

k 1 2 3 4 5 6 7 8
λ?

k 0.1433 0.0358 0.0159 0.009 0.0057 0.004 0.0029 0.0022
(∆t, h) = (5 e–4, 1 e–2) 0.1797 0.1810 0.3438 0.5953 0.9298 1.3486 1.8561 2.4584

(∆t, h) = (1.25 e–4, 5 e–3) 0.1525 0.0721 0.0975 0.1541 0.2328 0.3317 0.4502 0.5886
(∆t, h) = (2 e–5, 2 e–3) 0.1449 0.0418 0.0291 0.0322 0.0420 0.0562 0.0740 0.0951
(∆t, h) = (5 e–6, 1 e–3) 0.1437 0.0373 0.01920 0.0148 0.0148 0.0170 0.0207 0.0255

Figure III.1: Comparison of theoretical and numerically certified upper-bounds of non-
reachability of λψk.

As we can see, the method is very effective for small frequencies, but its precision decreases
quickly on higher frequencies. This can be easily understood since the error term in Theorem
III.11 depends on the second derivative of the interpolant, and thus increases with the square of
the frequency. Here, no minimisation process was required to find an optimal dual certificate:
indeed, one can show that in this context, if yf = λψk, pf = yf

‖yf ‖ satisfies J(pf ; yf ) < 0 if and
only if yf is not reachable. Actually, one can show that

∀ q ∈ D(A), 〈q, ψk〉 = 0 =⇒ J(pf + q; yf ) ≥ J(pf ; yf ), (III.3.15)

meaning that pf = yf = ψk (or any positive multiple thereof) is an optimal dual certificate
of non-reachability. Let us emphasise that this is only the case because of the simple control
constraints, and especially because B = Id. This result is confirmed by numerical experiments:
when minimising J∆t,h(·;ψk), the algorithm stabilises around the direction given by ψk very
quickly.

L∞ constraints. Let us now consider a more involved example associated to the control
problem (S), where we let

y0 = 0, ω = (1
5 ,

2
5) ∪ (4

5 , 1), (III.3.16)

and
U = {u ∈ U, 0 ≤ u(x) ≤ 1 for a.e. x ∈ [0, 1]}. (III.3.17)

In this setting, note that ‖B‖ = MU = 1, but one can easily compute that MBU =
√

|ω| =
√

2
5 ,

so that MBU < MU‖B‖ = 1. Letting z+ = max(z, 0) for z ∈ R, we compute

∀ v ∈ X, σBU (v) = sup
u∈U

〈u, χωv〉 =
∫

ω
sup

0≤y≤1
y u(x) dx =

∫
ω
u+(x) dx. (III.3.18)

In this context, aside from the dual method introduced in this article, two sufficient conditions
can help determine whether a given target is non-reachable.

• First, the crude inclusion of the reachable set in a ball of centre ST y0 based on Lemma III.5
shows that ‖yf −ST y0‖ ≤ MBUT is a necessary condition for yf to be U-reachable from 0
in time T .

• Second, the parabolic comparison principle leads to ST y0 ≤ y(T ) = ST y0 +LTu ≤ ST y0 +
LTu for all controls taking values in U , where u(t, x) = 1 for a.e. t ∈ (0, T ), x ∈ (0, 1). In
the case where y0 = 0, this yields a necessary condition for a target yf to be U-reachable
from 0 in time T > 0, given by

0 ≤ yf ≤ LTu. (III.3.19)
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One can easily prove that for this ω (or for any union of two disjoint intervals), one can
approximate LT ū to obtain the following error estimate

∀n ∈ N∗,

∥∥∥∥∥LTu−
n∑

k=1

[
1 − e−T k2π2

k2π2

∫
ω

ψk

‖ψk‖

]
ψk

‖ψk‖

∥∥∥∥∥
L∞([0,1])

≤ 4
π3n2 , (III.3.20)

which allows for proofs of non-reachability using the parabolic comparison principle. Therefore,
to emphasise the usefulness of our method, all the computer-assisted results of non-reachability
we will provide below satisfy (III.3.19), at least numerically.

Hence, we will here focus on the case where yf = λψ1, with λ > 0, which is not – for λ small
enough – trivially nonreachable using the parabolic comparison principle. We first present some
results of non-reachability of half-lines: the following lemma proves that if y0 = 0 (and thus if
0 is reachable) then for all yf non-reachable, then the half-line starting at yf and moving away
from 0 is nonreachable.

Lemma III.19. If 0 ∈ U and y0 = 0, then for all yf , pf such that J(pf ; yf ) < 0, we have
J(pf ;λyf ) < 0 for all λ ≥ 1.

Proof. If 0 ∈ U , then ∀ v ∈ U, σU (v) ≥ 0, and thus J(pf ; yf ) < 0. This implies 〈yf , pf 〉 < 0,
which leads to J(pf ;λyf ) ≤ J(pf ; yf ) < 0.

Its corollary below has been computed with a discretisation of 2, 000, 000 points in time, and
2, 000 in space:

Corollary III.20. For the system (S) with operator B associated to ω given by (III.3.16)
and constraints (III.3.17), the target λψ1 is not U-reachable for T = 1 if λ ≥ 0.035. Indeed,
using the dual certificate pf shown in Fig III.2, one can show that

J(pf ; 0.035ψ1) ∈ [−0.000718,−0.000111] < 0. (III.3.21)

Notice that, unlike the result proved in (III.3.15), the dual certificate pf differs widely from
the target yf (see Fig III.2). This is mainly due to the presence of the operator B = χω that
introduces a higher space heterogeneity. The optimisation step tends to create a dual certificate
negative on ω, so as to reduce the value of σEU (L∗

T pf ), while maximising 〈yf , pf 〉, which translates
in maximising the values of pf on [0, 1]\ω, since here yf = ψ1 ≥ 0.

The result proved in Corollary III.20 happens to be near the limit of what can be done with
the computer-assisted proofs developed in this thesis, in the sense that the very fine discretisa-
tion allowed for very small discretisation errors (approximately 2.72 · 10−4). However, a more
precise discretisation comes at the cost of higher computational costs (here, several hours on
a standard desk computer), and often with higher rounding errors: here, they amounted to
3.13 · 10−5. We can see that there is a turnpoint between discretisation and rounding errors
leading to an increase of the total error.

Another interesting application of this method is to compute certified lower-bounds of minimal
times of reachability, which has been proved with a 500, 000 -point discretisation in time, and
1000 -point in space:

Corollary III.21 (of Lemma III.6). Let yf = 1
50ψ1. With constraints (III.3.16) and

(III.3.17), the minimal time T ? ∈ (0,+∞] needed to steer (S) from y0 = 0 to yf satisfies
T ? ≥ T = 0.13. Indeed, we have that

J(pf ;T ) ∈ [−0.000192,−0.0000268] < 0, (III.3.22)

where pf is plotted in Fig III.2.
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Figure III.2: Target and optimal dual certificate for Proposition III.21.

The method can also be applied to less smooth targets, such as absolute value based functions
(see Fig III.3). However, minimising J(·; yf ) might provide less smooth dual certificates pfh,
which would lead to huge ‖A∗pf ‖ after interpolation into pf . Indeed, as stated before, the
minimiser pf will try to maximise the scalar product 〈yf , pf 〉, and therefore mimic the regularity
of yf . To circumvent this, one might minimise the regularised functional introduced in (III.3.6).

For example, the minimisation of J and Jλ for yf , leading to the non-reachibility result
of Proposition III.22 can be seen in Fig III.3. One can calculate that J(pf ) ' −0.0014 and
J(preg

f ) ' −0.0013, as expected since preg
f is obtained through the interpolation of a minimiser

of Jλ with λ = 10−12, but ‖A∗pf ‖ ' 1350 where ‖A∗preg
f ‖ ' 125. Overall, although pf is

a better minimiser of J , the massive difference of discretisation error simplifies the proof of
non-reachability of yf .

Considering a discretisation of 5, 000, 000 points in time and 3, 250 points of space, we have
obtained the following result. In particular, it is interesting because it has only H1

0 regularity
overall, and analytic regularity exactly outside of the control support: this is a pivot case where
the reachability of the target is unknown for unconstrained controls (see [CR22]), let alone for
the constrained case.

Proposition III.22. Considering the target

yf : x 7→
{ 1

40
5x
4 if 0 ≤ x ≤ 4

5
1
40(5 − 5x) if 4

5 ≤ x ≤ 1.
(III.3.23)

yf is not reachable from y0 = 0 in time T = 1. Indeed, with preg
f plotted in Fig III.3, we

have that
J(preg

f ) ∈ [−0.0017,−0.0009] < 0. (III.3.24)
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0.00
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y0 yf

pf

preg
f

LTu

Figure III.3: Target and optimal dual certificates for Proposition III.22.

Once again, the limits of our computer-assisted method showed: such a precise discretisation
induced high computations and rounding errors (' 2 · 10−4), of the same level as discretisation
errors (' 1.8 · 10−4). It follows that a finer discretisation probably would not have allowed us
to prove a stronger result.

III.3.3.b Coupled 1D heat equation

In this section we shall consider the following dynamical system
∂t y1 − κ1∂xx y1 = ay1 + by2 (t, x) ∈ (0, T ] × [0, 1]
∂t y2 − κ2 ∂xx y2 = cy1 + dy2 + χωu (t, x) ∈ (0, T ] × [0, 1],
yi(0, x) = y0,i(x) i ∈ {1, 2}, x ∈ [0, 1],
yi(t, 0) = yi(t, 1) = 0 i ∈ {1, 2}, t ∈ (0, T ].

(III.3.25)

Here, the control problem is set with X = (L2(0, 1))2, V = (H1
0 (0, 1))2,

A :=
(
κ1∂xx + a b

c κ2∂xx + d

)

with domain D(A) = (H2(0, 1) ∩ H1
0 (0, 1))2. Finally, U = L2(0, 1) and the control operator is

defined by
∀u ∈ U, Bu = ( 0

χωu ) and ∀ ( x
y ) ∈ X, B∗( x

y ) = χωy.

We consider the case where

ω = (0, 1
2), U := {u ∈ U, −1 ≤ u ≤ 2}. (III.3.26)
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Hence, we have MU = 2, and MBU = MU
√

|ω| =
√

2. With the notation z+ = max(z, 0),
z− = min(z, 0),

∀ ( x
y ) ∈ X, σBU (( x

y )) =
∫

ω
(2y+(x) − y−(x)) dx.

Here, we discretise by using P1 finite elements. Letting Wh ⊂ H1
0 (0, 1) be the discretisation

spaces associated to P1 finite elements, this means we set Vh := (Wh)2 ⊂ V .

Proposition III.23. Let (a, b, c, d) ∈ R4 and κ1, κ2 > 0. Let σmax denote the largest
singular valuea of A, and for i ∈ {1, 2, 3}, λmax(Si) denote the largest eigenvalueb of the
matrix Si defined by

S1 =
(

a 1
2 |b+ c|

1
2 |b+ c| d

)
, S2 =

(
2aκ1 |bκ1 + cκ2|

|bκ1 + cκ2| 2dκ2

)
, S3 =

(
2aκ1 |cκ1 + bκ2|

|cκ1 + bκ2| 2dκ2

)
.

Let us assume that the coefficients a, b, c, d, κ1 and κ2 are such that

λmax(S1) ≤π2 min(κ1, κ2)
max

(
λmax(S2), λmax(S3)

)
≤ 4π2 min(κ2

1, κ
2
2).

(III.3.27)

A possible choice of the continuity constant a0 and the coercivity constant a1 introduced
in (III.2.2) are

a0 = min(κ1, κ2) − max
(
λmax(S1)

π2 , 0
)

a1 = max(κ1, κ2) + σmax
π2 .

If a0 > 0, (−A∗,D(A∗)) is hence mα-accretive with α = arccos(a0
a1

). Furthermore, (V1)
holds with

C0 = 1
2π

√
2

(√
4π2 min(κ2

1, κ
2
2) − max

(
λmax(S2), 0

)
+
√

4π2 min(κ2
1, κ

2
2) − max

(
λmax(S3), 0

))
.

(III.3.28)
aIn other words,

σmax = 1√
2

√
a2 + b2 + c2 + d2 +

√
(a2 + b2 − c2 − d2)2 + 4(ac + bd)2.

bIn other words,

λmax(S1) = 1
2(a + d +

√
(a − d)2 + (b + c)2),

λmax(S2) = aκ1 + dκ2 +
√

(aκ1 − dκ2)2 + (bκ1 + cκ2)2,

λmax(S3) = aκ1 + dκ2 +
√

(aκ1 − dκ2)2 + (cκ1 + bκ2)2.

Proof. Recall that here the state space is X = (L2(0, 1))2 and V = (H1
0 (0, 1))2.
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Computation of a1. Using the Poincaré inequality∗, one can prove for all (v, w) ∈ D(A∗)×V

|〈−A∗v, w〉| =
∣∣∣∣∣
〈
∂x

(
κ1v1
κ2v2

)
, ∂x

(
w1
w2

)〉
−
〈(

a c
b d

)(
v1
v2

)
,

(
w1
w2

)〉∣∣∣∣∣
≤ max(κ1, κ2)‖v‖V ‖w‖V +

∣∣∣∣∣
〈(

a c
b d

)(
v1
v2

)
,

(
w1
w2

)〉∣∣∣∣∣
≤ max(κ1, κ2)‖v‖V ‖w‖V + σmax‖v‖‖w‖

≤
(

max(κ1, κ2) + σmax
π2

)
‖v‖V ‖w‖V .

Computation of a0. Let x ∈ D(A). According to the Cauchy-Schwarz and Poincaré inequal-
ities, one has

Re (〈−A∗v, v〉) = κ1‖∂xv1‖2
L2 + κ2‖∂xv2‖2

L2 − Re
〈(

a c
b d

)(
v1
v2

)
,

(
v1
v2

)〉

≥ κ1‖∂xv1‖2
L2 + κ2‖∂xv2‖2

L2 −
〈
S1

(
‖v1‖
‖v2‖

)
,

(
‖v1‖
‖v2‖

)〉
≥ κ1‖∂xv1‖2 + κ2‖∂xv2‖2 − λmax(S1)‖v‖2

≥
(

min(κ1, κ2) − max
(
λmax(S1)

π2 , 0
))

‖v‖2
V .

Computation of C0. First recall that Proposition III.15 gives us,

∀ g ∈ H2(0, 1), inf
vh∈Vh

‖g − vh‖H1
0

≤ h√
2

‖g′′‖L2 , (III.3.29)

which translates into, since ∀ f ∈ D(A), A−1f ∈ V and (A∗)−1f ∈ D(A∗)

∀ f ∈ X, inf
vh∈Vh

‖A−1f−vh‖V + inf
vh∈Vh

‖(A∗)−1f−vh‖V ≤ h√
2

(
‖∂xx(A−1f)‖ + ‖∂xx((A∗)−1f)‖

)
.

(III.3.30)
It follows that it is enough to show

∀ f ∈ X,
(
‖∂xx(A−1f)‖ + ‖∂xx((A∗)−1f)‖

)
≤ C0

√
2‖f‖. (III.3.31)

To this aim, by setting g = A−1f (resp. g = (A−1)∗f) we will prove that

∀ g ∈ D(A), min(‖Ag‖, ‖A∗g‖) ≥ C0√
2

‖∂xxg‖.

Let g ∈ D(A). We write

‖Ag‖2 = κ2
1‖∂xxg1‖2

L2 + κ2
2‖∂xxg2‖2

L2 + ‖ag1 + cg2‖2
L2 + ‖bg1 + dg2‖2

L2

− 2aκ1‖∂xg1‖2
L2 − 2dκ2‖∂xg2‖2

L2 − 2(bκ1 + cκ2)Re 〈∂xg1, ∂xg2〉
≥ κ2

1‖∂xxg1‖2
L2 + κ2

2‖∂xxg2‖2
L2 − 2aκ1‖∂xg1‖2

L2 − 2dκ2‖∂xg2‖2
L2 − 2|bκ1 + cκ2| |〈∂xg1, ∂xg2〉|

≥
(
κ2

1‖∂xxg1‖2
L2 + κ2

2‖∂xxg2‖2
L2

)
−
〈(

2aκ1 |bκ1 + cκ2|
|bκ1 + cκ2| 2dκ2

)(
‖∂xg1‖L2

‖∂xg2‖L2

)
,

(
‖∂xg1‖L2

‖∂xg2‖L2

)〉
≥
(
κ2

1‖∂xxg1‖2
L2 + κ2

2‖∂xxg2‖2
L2

)
− λmax(S2)

(
‖∂xg1‖2

L2 + ‖∂xg2‖2
L2

)
.

∗Recall that for every v ∈ H1
0 (0, 1), there holds

π2‖v‖2
L2(0,1) ≤ ‖v′‖2

L2(0,1)

and the constant π on the left-hand side is sharp.
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Since g1, g2 ∈ H1
0 (0, 1) both are continuous and satisfy

∫ 1
0 ∂xgi(t) dt = gi(1) − gi(0) = 0, using

the Poincaré-Wirtinger inequality, we have ‖∂xgi‖L2 ≤ 1
2π ‖∂xxgi‖L2 , and thus

‖Ag‖2 ≥
(
κ2

1‖∂xxg1‖2
L2 + κ2

2‖∂xxg2‖2
L2

)
− 1

4π2 max
(
λmax(S2), 0

)
(‖∂xxg1‖2

L2 + ‖∂xxg2‖2
L2).

(III.3.32)
It follows that

‖Ag‖ ≥
√

min(κ2
1, κ

2
2) − 1

4π2 max
(
λmax(S2), 0

)
‖∂xxg‖. (III.3.33)

In a similar manner, one can show that

‖A∗g‖ ≥
√

min(κ2
1, κ

2
2) − 1

4π2 max
(
λmax(S3), 0

)
‖∂xxg‖. (III.3.34)

Applying (III.3.33) with g = A−1f and (III.3.34) with g = (A∗)−1f to (III.3.30) yields (V1)
with

C0 = 1
2π

√
2

(√
4π2 min(κ2

1, κ
2
2) − max

(
λmax(S2), 0

)
+
√

4π2 min(κ2
1, κ

2
2) − max

(
λmax(S3), 0

))
.

(III.3.35)

For the following examples, we will use the constants(
a b
c d

)
=
(

−1 2
−2 −1

)
,

(
κ1
κ2

)
=
(

1
1.5

)
. (III.3.36)

In particular, these coefficients satisfy the hypotheses of Proposition III.23 and we have C0 =
√

2,
a0 = 1, a1 = 1.5 +

√
5

π2 . Notice that in this context, because of the competition term induced by
c < 0 < b, no comparison principle is applicable. Therefore, aside from our methodology, only
Lemma III.5 provides reachability estimates in this setting.

Non-reachability of a X ball: in the spirit of Remark III.3, we shall here try to prove the
non-reachability of sets of targets. For example, consider, for yf ∈ X, ε > 0, the set

Yf = {y ∈ X, ‖y − yf ‖ ≤ ε}. (III.3.37)

One can then apply Remark III.3 with MYf
= ‖yf ‖ + ε and use the same method to try and

prove the non-reachability of all elements of Yf under the constraints III.3.26. In this context,
one has that

∀ pf ∈ X, σYf
(pf ) = 〈yf , pf 〉 + ε‖pf ‖. (III.3.38)

The following result was computed using a time-discretisation with 11, 300 points and a space
discretisation with 750 points.

Proposition III.24. Let

y0 =
(

sin(π·)
0

)
, yf = 0 and ε = 10−2.

The set Yf := {y ∈ X, ‖y‖ ≤ ε} is not reachable in time T = 0.32. Indeed, for pf = ( p1
p2 ),

whose graphs are pictured in Fig. III.4, we have that

J(pf ; Yf , T ) ∈ [−0.0262,−0.0014] < 0.

Notice that once more, the dual certificate ( p1
p2 ) tends to resemble Yf + {−ST y0} so as to

minimise σYf
(−pf ) + 〈ST y0, pf 〉, while staying close to 0 on ω, to minimise

∫ T
0 σBU (S∗

t pf ) dt.
Notice as well that the discretisation to prove this result is much coarser: yet, the turnpoint
between discretisation errors (here, 8.1 · 10−3) and round-off errors (4.2 · 10−3) is close. This
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1.0

0.5

0.0

0.5

1.0

y01 yf1 p1 (STy0)1

0.0 0.2 0.4 0.6 0.8 1.0

p2 (STy0)2 y02 = yf2

Figure III.4: Initial and final state without control, target, control domain and dual certificate
for Proposition III.24.

is mainly due on the one hand to the additional term of S∗
T pf which considerably increases

discretisation errors, and on the other hand that the space-discretisation has doubled complexity
with respect to the single equation case: two intervals [0, 1] are discretised with 750 points,
increasing rounding errors.

Remark III.25. In the spirit of Lemma III.6, since ker(B) ∩ U 6= ∅ and for all y ∈ X and
t > 0, ‖Sty‖ ≤ 1, one can show that such a T is a certified lower-bound of the minimal
time T ?(y0,Yf ) needed to reach Yf from y0, where “minimal” means that for any time
t > T ?(y0,Yf ), the target set Yf is U-reachable from y0 in time t.

Non-reachability of an unbounded set Yf . Based on Remark III.3, one can also tackle
the non-reachability of an unbounded set. As an example, consider the case where we want to
make sure that, at time T , the first equation is not equal to some y1 ∈ L2(0, 1), without any
restriction when it comes to the second equation. In other words, we set

Yf := {y1} × L2(0, 1). (III.3.39)

In this context, we find

∀ pf =
(
p1

f

p2
f

)
∈ X, σYf

(pf ) =
{

〈y1, p
1
f 〉 if p2

f = 0
+∞ if p2

f 6= 0.
(III.3.40)

Since J now takes infinite values, we shall consider its restriction to X1 := L2(0, 1) × {0} on
which it takes finite values. Denoting yf = ( y1

0 ) we still have

∀ pf ∈ X1, J(pf ; Yf ) =
∫ T

0
σU (L∗

T pf (t)) dt− 〈yf , pf 〉, (III.3.41)

for which the estimations of Theorem III.11 can be applied. Using this result, one can prove the
following proposition, computed with 80, 000 points in time, and 1000 points in space:

Proposition III.26. Let

y1 = − 1
50 sin(2π·) and Yf := {y1} × L2(0, 1).

Yf is not reachable in time T = 1. Indeed, for pf = ( y1
0 ), we have that

J(pf ; Yf ) ∈ [−0.0262,−0.0008] < 0.
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Here, we have computed the functional for pf = ( y1
0 ), which might not seem optimal. However,

notice that this dual certificate does minimise σYf
(−pf ) at fixed norm, and has low value of∫ T

0 σBU (S∗
t pf ) dt. The ‘true minimiser’ of J(·,Yf ) is very close to pf , with p1 very slightly

modified so as to account for the time-integral term.

III.4 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

III.4.1 Complex analysis

Lemma III.27 (L. Thomassey). Let z ∈ C such that Re (z) ≤ 0. Then∣∣∣∣ez − 1
1 − z

∣∣∣∣ ≤ 1
2 |z|2. (III.4.1)

Proof. Let z ∈ C such that Re (z) ≤ 0. First,∣∣∣∣ez − 1
1 − z

∣∣∣∣ ≤ |ez| + 1
|1 − z|

≤ 1 + 1 = 2. (III.4.2)

In particular, since 2 ≤ 1
2 |z|2 for all |z| ≥ 2, the inequality is proved for z such that |z| ≥ 2. Let

us now suppose that z = iy, y ∈ R. Then∣∣∣∣ez − 1
1 − z

∣∣∣∣ ≤ 1
2 |z|2 ⇐⇒

∣∣∣∣eiy − 1
1 − iy

∣∣∣∣ ≤ 1
2 |iy|2

⇐⇒ |eiy(1 − iy) − 1| ≤ 1
2y

2|1 − iy|

⇐⇒ (cos(y) + y sin(y) − 1)2 + (sin(y) − y cos(y))2 ≤ 1
4y

4(1 + y2)

⇐⇒ 2 + y2 − 2y sin(y) − 2 cos(y) ≤ 1
4y

4(1 + y2)

Let us hence prove the final inequality, by letting f : x 7→ 2 + x2 − 2x sin(x) − 2 cos(x). f ,
which has derivative f ′ : x 7→= 2x(1 − cos(x)) for all x ∈ R. Using the convex inequality
1 − cos(y) ≤ 1

2y
2 we deduce that f ′(y) ≤ y3 for all y ≥ 0.

Hence, since f(0) = 0, we infer

f(y) = f(0) +
∫ y

0
f(t) dt ≤

∫ y

0
t3 dt = 1

4y
4. (III.4.3)

Since f is even, we conclude that for all y ∈ R,

2 + y2 − 2y sin(y) − 2 cos(y) ≤ 1
4y

4 ≤ 1
4y

4(1 + y2), (III.4.4)

as wanted. We are left with proving the main result for z ∈ A := {z ∈ C, Re (z) < 0, |z| < 2}.
Remark that

A ⊂ B :=
{
z ∈ C, max(|Re (z)|, | Im(z)|) ≤ 2, Re (z) ≤ 0

}
. (III.4.5)

Let g : z 7→ 1−z
z2
(
ez − 1

1−z

)
= 1

z2 (ez(1 − z) − 1), which is a holomorphic function on C\{0}.
Furthermore, the singularity of g at 0 is clearly removable. Applying the complex maximum
principle to (the holomorphic extension of) g on B, we obtain

sup
z∈B

|g(z)| = sup
z∈∂B

|g(z)|, (III.4.6)

and thus |g(z)| ≤ 1
2 , for all z ∈ A ⊂ B, which ends the proof.
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III.4.2 Functional analysis

The content of this section is drawn almost entirely from personal correspondence with Michel
Crouzeix, to whom we are grateful for generously providing his personal notes. Our main
contribution is to compute and optimise as much as possible all constants involved in the process.

Throughout this section, we assume that we are in the setting of Section III.2, with an operator
(A,D(A)) and discretisation subspaces Vh satisfying (III.2.2) and (V1).

Let α and β satisfy 0 ≤ α < α + β < π
2 . Recall the sectors defined by equations (III.2.3)

and (III.2.4),and thus that A is a mα-accretive operator. A classical consequence of the Lumer-
Phillips theorem (see Theorem I.13) is that −A generates of a semigroup of contraction, and
thus for all t ∈ Sβ, the function St := exp(−tA) is well defined.

Theorem III.28. For all t ∈ Sβ, with t 6= 0 and 0 ≤ α < α+β < π
2 , and for every integer

k ≥ 0, the operator St ∈ L(X,D(Ak)). Moreover, the map t 7→ St, from S π
2 −α into L(X),

is holomorphic on Int S π
2 −α, and we have the estimate:

∀ t > 0, ‖S(k)
t ‖L(X) = ‖AkSt‖L(X) ≤ k!

tk cosk α
.

Proof. Let fk(z) = (1 + z)ke−tz. Since fk is the uniform limit in Sα of (1 + z)k(1 + tz/n)−n, we
can define fk(A) ∈ L(X). Since e−tz = (1 + z)−kfk(z) and (Id +A)−k ∈ L(X,D(Ak)), we get:

St = (Id +A)−kfk(A) ∈ L(X,D(Ak)). (III.4.7)

Let now K2 = sup{|ζ2e−ζ | : ζ ∈ Sα+β}. For t, s ∈ Sβ, both nonzero, the Taylor expansion
yields:

∀z ∈ Sα, |e−tz − e−sz + (t− s)ze−sz| ≤ K2
2 max

0≤x≤1

|t− s|2

|xt+ (1 − x)s|2 .

Using Theorem I.7:

‖St − Ss + (t− s)ASs‖L(X) ≤ Cα
K2
2 max

0≤x≤1

|t− s|2

|xt+ (1 − x)s|2 ,

so t 7→ St is differentiable with S′
t = −ASt, and by induction:

∀ k ∈ N, S
(k)
t = (−A)kSt. (III.4.8)

Fix now t > 0, and let s(θ) = t + reiθ, with r = t sin β, θ ∈ [0, 2π). Then s(θ) ∈ Sβ. For
u, v ∈ X, define ϕ(z) = 〈Szu, v〉. We just proved that ϕ is holomorphic in Sβ, and furthermore:

∀z ∈ Sβ, |ϕ(z)| ≤ ‖Sz‖L(X)‖u‖‖v‖ ≤ ‖u‖‖v‖.

Cauchy’s residue theorem gives:

1
k!ϕ

(k)(t) = 1
2πi

∫ 2π

0

ϕ(s(θ))
(s(θ))k+1 ds(θ),

leading to:

|ϕ(k)(t)| ≤ k!
2π

∫ 2π

0

|u||v|
rk

dθ = k!|u||v|
(t sin β)k

.

Since ϕ(k)(t) = 〈S(k)
t u, v〉, we conclude:

‖S(k)
t ‖L(X) ≤ k!

(t sin β)k
.

Letting β → π
2 − α yields the result.
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Theorem III.29. Given z0 ∈ X, the unique solution z ∈ C1((0,∞); D(A)) ∩ C0([0,∞);X)
to {

z′(t) = −Az(t)
z(0) = z0

(III.4.9)

satisfies z ∈ C∞((0,∞); D(Ak)) for all k ∈ N. Moreover, if z0 ∈ D(A`), then z ∈
C0([0,∞); D(A`)) ∩ C`([0,∞);X) and

∀ k, ` ≥ 0, ∀ t > 0, ‖z(k+l)(t)‖ = ‖Akz(l)(t)‖ ≤ k!
(t cos(α))k

‖A`z0‖. (III.4.10)

Proof. It is clear that z(t) is a solution of (P ) since S′
t + ASt = 0. The C∞ regularity on (0,∞)

follows from the previous theorem III.28, while continuity at t = 0 in X results from the strong
continuity of the semigroup. Since the problem is linear, to prove uniqueness of the solution to
(III.4.9), it suffices to show that z0 = 0 implies z(t) = 0. Indeed, if z is a solution of (III.4.9)
and z0 = 0, then:

d

dt
‖z(t)‖2 = 〈z′(t), z(t)〉 + 〈z(t), z′(t)〉 = 2 Re 〈z′(t), z(t)〉 = −2 Re 〈Az(t), z(t)〉 ≤ 0.

It follows that ‖z(t)‖2 ≤ ‖z(0)‖2 = 0, hence uniqueness.
Now, if z0 ∈ D(A), one easily verifies that:(

Id + t

n
A
)−1

Az0 = A
(

Id + t

n
A
)−1

z0,

and by induction: (
Id + t

n
A
)−n

Az0 = A
(

Id + t

n
A
)−n

z0.

Passing to the limit (recalling that St = limn→∞
(
Id + t

nA
)−n), we deduce:

AStz0 = StAz0.

Similarly, if z0 ∈ D(A`), then:
A`Stz0 = StA`z0.

We then observe that z(`) is a solution of problem (III.4.9) with z0 replaced by (−A)`z0, from
which it follows that z(`) ∈ C0([0,∞);X). The estimate (III.4.10) then results as a consequence
of Theorem III.28.

Proposition III.30 (Time approximation). For z0 ∈ D(A), we consider{
∂tz = −Az
z(0) = z0.

(P )

Define N0 ∈ N∗, ∆t = T
N0

, and for n ∈ {0, . . . , N0}, tn = n∆t. Discretise the system using
the implicit Euler scheme:{

z0 = z0

(Id +∆tA)zn+1 = zn ∀n ∈ {0, . . . , N0 − 1}.
(III.4.11)

Then
∀n ∈ {0, . . . , N0}, ‖z(tn) − zn‖ ≤ ∆t Cα

cosα‖Az0‖. (III.4.12)

where Cα ≤ 2 + 2√
3 .
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Proof. By definition, for all n ∈ {0, . . . , N0}, we have

z(tn) − zn =
[
e−tnA − (Id +∆tA)−n

]
z0.

Hence me may write
z(tn) − zn = ∆t ϕn(∆tA) Az0, (III.4.13)

where for n ∈ N∗, the function ϕn is defined for z ∈ Sα by

ϕn(z) = e−nz − (1 + z)−n

z
, (III.4.14)

extended by continuity at z = 0 by ϕn(0) = 0.
Using Theorem III.8, we find

‖z(tn) − zn‖ ≤ ∆t ‖ϕn(∆tA)‖L(X) ‖Az0‖ ≤ ∆t Cα sup
z∈Sα

|ϕn(z)| ‖Az0‖. (III.4.15)

Let us finish with the proof that supz∈Sα
|ϕn(z)| ≤ 1

cos(α) . Let z ∈ Sα, z 6= 0 (the case z = 0 is
obvious). Then Re (z) > 0, hence by Lemma III.27 applied to −z,

|ϕ1(z)| = 1
|z|

[
e−z − 1

1 + z

]
≤ 1

2 |z|. (III.4.16)

Since

ϕn(z) = 1
z

[
e−z − 1

1 + z

] n−1∑
k=0

e−kz
( 1

1 + z

)n−k−1
, (III.4.17)

we get

|ϕn(z)| ≤ 1
2 |z|

n−1∑
k=0

∣∣e−z
∣∣k ∣∣∣∣ 1

1 + z

∣∣∣∣n−k−1
. (III.4.18)

We may write z = ρeiθ, where ρ > 0, θ ∈ [−α, α]. It follows that

|1 + z| = |1 + ρeiθ| ≥ |1 + ρeiα| ≥ 1 + ρ cos(α). (III.4.19)

Thus ∣∣∣∣ 1
1 + z

∣∣∣∣ ≤ 1
1 + ρ cos(α) . (III.4.20)

Since |θ| ≤ α ≤ π
2 , cos(α) ≤ cos(θ), we get

|ϕn(z)| ≤ 1
2ρ

n−1∑
k=0

(
e−ρ cos(α)

)k
( 1

1 + ρ cos(α)

)n−k−1
. (III.4.21)

Since ρ cos(α) ≥ 0, we have

eρ cos(α) ≥ 1 + ρ cos(α), e−ρ cos(α) ≤ 1
1 + ρ cos(α) .

Finally
|ϕn(z)| ≤ 1

2ρn
1

(1 + ρ cos(α))n−1 , (III.4.22)

and maximising the right-hand side for ρ > 0 yields the desired result if n ≥ 2. As for n = 1, if
|z| ≤ 2 the upper bound from Lemma III.27 proves that |ϕ1(z)| ≤ 1 ≤ 1

cos(α) , and similarly and
if |z| ≥ 2, |ϕ1(z)| ≤ 2

|z| ≤ 1 ≤ 1
cos(α) .

Proposition III.31 (Spatial approximation). Let zh,0 ∈ Vh, zh : t 7→ St,hzh,0, where
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St,h = exp(−tAh). For z0 ∈ D(A), z(t) = exp(−tA)z0, there holds

∀ t > 0, ‖z(t) − zh(t)‖ ≤ ‖z0 − zh,0‖ +
(

6 + 4 ln(2)
cos(α)

)
C1h

2‖Az0‖. (III.4.23)

Proof. For t > 0, we write

‖z(t) − Phz(t)‖ ≤ ‖z(t) − A−1
h PhAz(t)‖ since A−1

h PhAz(t) ∈ Vh

= ‖(A−1 − A−1
h Ph)(Az(t))‖

≤ C1h
2‖Az(t)‖ using (H1).

(III.4.24)

Similarly,

‖z′(t) − Phz
′(t)‖ ≤ ‖z′(t) − A−1

h PhAz′(t)‖ ≤ C1h
2‖Az′(t)‖

≤ C1h
2

t cos(α)‖Az0‖ using Theorem III.29.
(III.4.25)

Using the triangle inequality, we deduce the upper bounds

‖(Ph − A−1
h PhA)z(t)‖ ≤ 2C1h

2‖Az(t)‖ and ‖(Ph − A−1
h PhA)z′(t)‖ ≤ 2 C1h

2

t cos(α)‖Az0‖.

(III.4.26)
Denote eh : t 7→ A−1

h PhAz(t) − zh(t). Thus

‖z(t) − zh(t)‖ ≤ ‖eh(t)‖ + ‖z(t) − A−1
h PhAz(t)‖ ≤ ‖eh(t)‖ + C1h

2‖Az(t)‖. (III.4.27)

Let us bound eh(t). Since z′
h(t) = −Ahzh(t), we have

e′
h(t) + Aheh(t) = A−1

h PhAz′(t) + PhAz(t) = (A−1
h PhA − Ph)z′(t). (III.4.28)

Duhamel’s formula yields

eh(t) = St,heh(0) +
∫ t

0
St−σ,h(A−1

h PhA − Ph)z′(σ) dσ =: E1 + E2 + E3, (III.4.29)

where E1 = St,heh(0), E2 =
∫ t

t/2 St−σ,h(A−1
h PhA − Ph)p′(σ) dσ and E3 =

∫ t/2
0 St−σ,h(A−1

h PhA −
Ph)z′(σ) dσ.

First, we have, using ‖St,h‖L(X) ≤ 1 and (H1)

‖E1‖ ≤ ‖eh(0)‖ = ‖zh,0 − A−1
h PhAz0‖ ≤ ‖z0 − zh,0‖ + ‖(A−1 − A−1

h Ph)(Az0)‖ (III.4.30)
≤ ‖z0 − zh,0‖ + C1h

2‖Az0‖. (III.4.31)

Secondly,

‖E2‖ ≤
∫ t

t/2
‖St−σ,h(A−1

h PhA − Ph)z′(σ)‖ dσ ≤
∫ t

t/2
‖(A−1

h PhA − Ph)z′(σ)‖ dσ

≤
∫ t

t/2
2 C1h

2

σ cos(α)‖Az0‖ dσ = 2 ln(2)
cos(α)C1h

2‖Az0‖,
(III.4.32)

where we used (III.4.26).
For the last term E3, we first integrate by parts, then use (III.4.26) to uncover

‖E3‖ =
∥∥∥∥St/2,h(A−1

h PhA − Ph)z(t/2) − St,h(A−1
h PhA − Ph)z(0)

+
∫ t/2

0
AhSt−σ,h(A−1

h PhA − Ph)z(σ) dσ
∥∥∥∥

≤ 2C1h
2‖Az0‖ + 2C1h

2‖Az0‖ + 2C1h
2‖Az0‖

∫ t/2

0
‖AhSt−σ,h‖L(X) dσ.

113



III
:

No
n-
Re

ac
ha

bi
lit
y
of

PD
Es

III
:

No
n-
Re

ac
ha

bi
lit
y
of

PD
Es

III
:

No
n-
Re

ac
ha

bi
lit
y
of

PD
Es

III
:

No
n-
Re

ac
ha

bi
lit
y
of

PD
Es

It follows from Theorem III.29 that

‖AhSt−σ,h‖L(X) ≤ 1
(t− σ) cos(α) , (III.4.33)

hence
‖E3‖ ≤

(
4 + 2 ln(2)

cos(α)

)
C1h

2‖Az0‖. (III.4.34)

Gathering all the estimates, we obtain

‖z(t) − zh(t)‖ ≤ ‖E1‖ + ‖E2‖ + ‖E3‖ + C1h
2‖Az0‖ ≤ ‖z0 − zh,0‖ +

(
6 + 4 ln(2)

cos(α)

)
C1h

2‖Az0‖.

Proof of Proposition III.9. We keep the notations of the previous proof. Given n ≥ 1, we have

‖z(tn) − zh,n‖ ≤ E1 + E2 + E3

with


E1 = ‖z(tn) − Stn,hA−1

h PhAz0‖
E2 = ‖(Stn,h − (Id +∆tAh)−n)A−1

h PhAz0‖
E3 = ‖(Id +∆tAh)−n(A−1

h PhAz0 − zh,0)‖

(III.4.35)

It follows from Proposition III.31 with zh,0 = A−1
h PhAz0 and (H1) that

E1 ≤ ‖z0 − A−1
h PhAz0‖ +

(
6 + 4 ln(2)

cos(α)

)
C1h

2‖Az0‖ ≤
(

7 + 4 ln(2)
cos(α)

)
C1h

2‖Az0‖. (III.4.36)

Using Proposition III.30 with A replaced by Ah,

E2 ≤ ∆t
cos(α)Cα‖Ah A−1

h PhAz0‖ ≤ ∆t
cos(α)Cα‖Az0‖. (III.4.37)

Using Theorem III.8, (H1), and since supz∈Sα
| 1
1+z | = 1,

E3 ≤ Cα‖A−1
h PhAz0 − zh,0‖

≤ Cα(‖A−1
h PhAz0 − z0‖ + ‖z0 − zh,0‖)

≤ CαC1h
2‖Az0‖ + Cα‖z0 − zh,0‖.

(III.4.38)

Finally,

‖z(tn) − zh,n‖ ≤ Cα‖z0 − zh,0‖ +
(
C1

(
7 + 4 ln(2)

cos(α) + Cα

)
h2 + Cα

cos(α)∆t
)

‖Az0‖. (III.4.39)

Noticing that α = arccos(a0
a1

) in the case we consider, the final result is obtained, with the
constants

C2 = C1

(
7 + 4 ln(2)a1

a0
+ Cα

)
, C3 = a1

a0
Cα. (III.4.40)
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Certified reachability for finite-dimensional control problems
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Abstract

In this chapter, we present current research projects on computer-assisted proofs of
reachability: given an unknown compact convex reachable set R ⊂ Rn for which the
support function σR can be computed, we develop under- and over-approximations
of R using polytopes. We outline research directions to either iteratively compute
guaranteed approximations of the reachable set, or to focus on the reachability of a
single target.

IV.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this chapter, we present ongoing work jointly undertaken with Maxime Breden, Camille
Pouchol, Yannick Privat and Christophe Zhang. The ultimate goal of these efforts is to pro-
vide computer-assisted proofs of reachability for finite-dimensional linear control systems under
bounded control constraints; consider the system

y′(t) = Ay(t) +Bu(t) for a.e. t ∈ [0, T ],
y(0) = y0 ∈ Rn,

u(t) ∈ U for a.e. t ∈ [0, T ],
(S)

115



IV
:

Re
ac

ha
bi
lit
y
of

OD
Es

IV
:

Re
ac

ha
bi
lit
y
of

OD
Es

IV
:

Re
ac

ha
bi
lit
y
of

OD
Es

IV
:

Re
ac

ha
bi
lit
y
of

OD
Es

IV
:

Re
ac

ha
bi
lit
y
of

OD
Es

where A ∈ L(Rn,Rn), B ∈ L(Rm,Rn) are two matrices, and U ⊂ Rm is a compact set. The
solution is then characterised as

y : t 7→ y(t) = etAy0 + Ltu. (IV.1.1)

Considering a convex and compact initial set Y0 ⊂ Rn and a closed convex target set Yf ,
recall that Yf is said to be U-reachable from Y0 in time T if

LTEU ∩ (Yf − eT AY0) 6= ∅, (IV.1.2)

where EU = {u ∈ L2(0, T ;Rm), for a.e. t ∈ [0, T ], u(t) ∈ U}. The reachability property was
proved to be equivalent to the global nonnegativity of the separating functional

J :
{
Rn → R
pf 7→ σLT EU (pf ) + σYf −eT AY0(−pf );

(IV.1.3)

which can be interpreted as J quantifying the separation between LTEU − Yf + eT AY0 and 0,
leading to the following reformulation:

∀ pf ∈ Rn, J(pf ) = σeT AY0+LT EU −Yf
(pf ). (IV.1.4)

In this chapter, we explore two main objectives:

• firstly, as was seen before, the reachability of Yf is equivalent to the overall nonnegativity
of J . We will therefore propose different options to prove the nonnegativity of J .

• A more challenging problem is that of the approximation of the reachable set: since it
is closed and convex, this is equivalent to the characterisation of its support function
σeT AY0+LT EU .

Both objectives will be explored under various assumptions. Note that this is a topic of on-
going research, so actual results are scarce and most of the chapter presents intuitions as to how
one might tackle these objectives. Although computer-assisted proofs of reachability or rigorous
under-approximations (contained in the reachable set) and over-approximations (which contain
it) of the reachable set are the long-term goal of this chapter, most of this chapter is devoted to
theoretical studies, where no error is considered.

Note that approximations of the reachable set have been extensively studied in the litera-
ture, including from the viewpoint of support functions: see Section 0.3 for a detailed account
of the proposed methods. Certified over-approximations have also been considered [Imm15],
but to our knowledge no certified under-approximations have been proposed yet. Also, we are
not aware of computer-assisted methods focusing on proofs of reachability for a single target set.

In light of the theoretical purpose of this chapter, we shall place ourselves in a purely convex
analytic framework, considering an unknown nonempty compact convex set R ⊂ Rn, for which
we shall only assume knowledge of its support function. R might thus correspond to the reach-
able set eT AY0+LTEU or to the reachable set recentred around a given target eT AY0+LTEU −Yf .

Among the possible approximation techniques of R that can be explored, two are particularly
interesting.

Definition IV.1. Let R ⊂ Rn. An over-approximation (or outer approximation) of R is
a set O ⊂ Rn such that R ⊂ O, and an under-approximation (or inner approximation) of
R is a set I ⊂ Rn such that I ⊂ R.

Over-approximations are relevant in order to prove the non-reachability of a target, while
under-approximations provide proofs of reachability. In this chapter, we will study polytopal
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over- and under-approximations of nonempty compact convex sets. We refer to Subsection I.2.5
for the most useful standard definitions and properties of convex sets and polytopes.

This chapter will be divided as follows:

• Section IV.2 focuses on computing over-approximations of R and provides an interpreta-
tion using polar polytopes;

• Section IV.3 introduces methods for computing under-approximations of R based solely
on evaluations of its support function, as well as over-approximations of the polar R◦;

• Section IV.4 uses the additional knowledge of the maximisers of the support function to
provide more accurate under-approximation methods;

• Section IV.5 discusses iterative methods for constructing under- and over-approximations
of R, both to efficiently approximate R, or to determine whether 0 ∈ R;

• Finally, Section IV.6 discusses the introduction of errors (both discretisation and round-
off) on the support function and how these might affect the different methods discussed
in the earlier sections.

We advise the reader that most of what will be introduced is not new with regard to the
literature. Indeed, most of this chapter is concerned with polytopal approximations of convex
sets, which has been an extensively studied topic (see for example the survey [Bro08]). In
particular, Sections IV.2, IV.4 and IV.5 do not present new results. In contrast, to our knowledge
the under-approximation presented in Section IV.3 has not been studied, nor have the rigorous
approximations discussed in Section IV.6.

Overall, this chapter is the basis of ongoing work aiming to certify these approximations using
computer-assisted proofs. We hope it will provide a first framework allowing one to build some
intuition – which is why many figures have been added – and perhaps lead to new computer-
assisted proofs of reachability.

IV.2 Polytopal over-approximations of a compact convex set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In this section, we are concerned with over-approximations, and present one classical way to
produce a polytopal over-approximation of a nonempty compact convex set R. Let us first
recall a classical result, the proof of which can be found in [Sch13, Theorem 1.8.19]:

Theorem IV.2. Let R ⊂ Rn a convex set containing 0. Then for all λ > 1, there exists a
polytope P such that

P ⊂ R ⊂ λP. (IV.2.1)

This theorem in itself justifies that polytopal approximations of a convex set R can converge
towards R. We shall now provide a method to compute polytopal over-approximations.

IV.2.1 Polytopal over-approximation of R

Recall the definition of the support function:

∀ p ∈ Rn, σR(p) = sup
x∈R

〈p, x〉. (IV.2.2)

Therefore, for any p ∈ Rn,

R ⊂ {x ∈ Rn, 〈p, x〉 ≤ σR(p)} , (IV.2.3)

which allows us to build over-approximations of R, using the following proposition, whose last
equivalence is a direct consequence of Proposition I.43.
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Proposition IV.3. Let R ⊂ Rn be a nonempty compact convex set, and let
(pj)j∈{1,...,m} ∈ (Rn)m. Defining

∀ j ∈ {1, . . . ,m}, σR(pj) ≤ bj ∈ R, (IV.2.4)

we have that
R ⊂

m⋂
j=1

{x ∈ Rn, 〈pj , x〉 ≤ bj} =: P. (IV.2.5)

Furthermore, the over-approximation P is a bounded polytope if and only if 0 ∈
Int (conv((pj)j)).

Therefore, one can easily bound R from the outside: Figure IV.1(a) presents one example
of R and its polytope approximation using five directions, that is, created with five supporting
hyperplanes of R.

Let us introduce a convenient definition characterising polytopal approximations.

Definition IV.4. Given a nonempty compact convex set R ⊂ Rn . Let P ⊂ Rn be a
polytope defined by

P =
m⋂

j=1
{x ∈ Rn, 〈pj , x〉 ≤ bj}. (IV.2.6)

We say that P is a sharp polytopal over-approximation of R if R ⊂ P and if furthermore

∀ j ∈ {1, . . . , k}, σR(pj) = bj . (IV.2.7)

Similarly, if P is defined by
P = conv((yi)i∈{1,...,k}), (IV.2.8)

we say that P is a sharp polytopal under-approximation of R if P ⊂ R and if furthermore

∀ i ∈ {1, . . . , k},∃ qi ∈ Rn, σR(qi) = 〈qi, yi〉. (IV.2.9)

Since R is compact, this definition guarantees that if P is a sharp over-approximation, R
touches each facet of P , and similarly if P is a sharp under-approximation, each vertex of P lies
on the boundary of R. By definition, the polytopal approximations introduced in Proposition
IV.3 are sharp over-approximations of R if and only if ∀ j, bj = σR(pj).

Remark as well that for a given set of (pj)j or (yi)i, there exists exactly one sharp polytopal
over-approximation of a convex set R defined by (pj)j , and similarly there exists exactly one
sharp polytopal under-approximation of R defined by (yi)i. Therefore, when defining sharp
polytopal under- and over-approximations, we shall only say that it is defined using R and
either (pj)j or (yi)i.

As was seen in Section I.2.5, a useful tool to study convex bodies is their polar set. The
following section links over-approximations of R with under-approximations of its polar R◦.

IV.2.2 Polytopal under-approximation of R◦

As was seen in Section I.2.5, constructing an over-approximation of R is equivalent to construct-
ing an under-approximation of R◦. Indeed,

R ⊂ P ⇐⇒ P ◦ ⊂ R◦. (IV.2.10)

Using Proposition I.37, we have the following more precise statement.

Proposition IV.5. Let R ⊂ Rn be a nonempty compact convex set. Let (pj)j∈{1,...,m} ∈
(Rn)m define a sharp polytopal over-approximation of R. Then, if 0 ∈ Int(P ), P ◦ is a
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sharp polytopal under-approximation of R◦, and

P ◦ = conv

( pj

σR(pj)

)
j

 . (IV.2.11)

−5 5

−5

5

0 0.25

−0.25

0.25

0

Figure IV.1: Example of polytopal over-approximation (left panel (a)) and its dual under-
approximation (right panel (b)).

Figure IV.1 presents both approximations of R using P and R◦ using P ◦: while R is cir-
cumscribed to P , P ◦ is evidently inscribed in R◦. One can clearly see what would allow the
evaluation of J at another direction: in the primal setting, it would correspond to adding a facet
to P touching R, whereas for the polar, it would add a vertex of P ◦ on the boundary of R◦.

Polar sets are useful tools when studying polytopes because they allow for a better understand-
ing of the underlying dynamics between vertices and facets. Polarity might also serve as a bridge
between H-representation (which is easy to build using Proposition IV.3) and V-representation,
which will naturally appear for the under-approximations of R presented in this chapter. The
following section introduces such an under-approximation of R from P , and similarly an over-
approximation of R◦. Note that the combination of under- and over-approximations, in addition
to providing further information about R, can lead to efficient iterative algorithms to approxi-
mate R more precisely, or to determine whether 0 ∈ R.

IV.3 Polytopal under-approximations of a nonempty compact convex set . . . . . . . . .

This section is devoted to the construction of an under-approximation of R based upon its
polytopal over-approximation. We shall first construct it in subsection IV.3.1, then construct
an over-approximation of R◦ in subsection IV.3.2, ending with conjectures linking the two.

IV.3.1 Under-approximation of R

First, let us define a polytopal under-approximation of R.

Definition IV.6. Let R ⊂ Rn be a nonempty compact convex set, and a set of directions
(pj)j∈{1,...,m} ∈ (Rn)m. We will consider the under-approximation of R defined by (pj)j
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and denote IR((pj)j) the set

IR((pj)j) =
⋂

{C ⊂ Rn such that C is convex and for all j ∈ {1, . . . ,m}, σC(pj) = σR(pj)} .

Thus, IR((pj)j) denotes the smallest set of the family of convex subsets C ⊂ R such that
σC(pj) = σR(pj) for every j ∈ {1, . . . ,m}; these sets share with R the supporting hyperplanes
in the chosen directions, while differing elsewhere.

Proposition IV.7. Let R ⊂ Rn be a nonempty compact convex set, and a set of directions
(pj)j∈{1,...,m} ∈ (Rn)m, and let P be the sharp over-approximation of R defined by (pj)j .
Then

IR((pj)j) ⊂ R ⊂ P. (IV.3.1)

Proof. Since R clearly satisfies the requirements of the intersected sets of Definition IV.6, one
immediately has IR((pj)j) ⊂ R. The second inclusion is exactly the result of Proposition
IV.3.

Remark IV.8. Let us note a few things about IR((pj)j):

• IR((pj)j) can be empty (for example if P is a triangle in R2, then IR((pj)j) is the
intersection of all triangles whose vertices are chosen one from each of the three
supporting facets, which have an empty intersection) or reduced to a singleton (if
P is a rectangle in R2, then all quadrilaterals having one vertex on each facet of P
will contain the centre of P ). It follows that IR((pj)j) will generally not be a sharp
polytopal under-approximation of R

• As such, it would just as well be defined if R is not compact. In that case, IR((pj)j)
would remain bounded since inside the intersection necessarily lies a compact convex
set.

For a visualisation in R2, see Figure IV.2 – note that for visualisation purposes, all figures in
this chapter will present approximations of the same example.

Across this section, we will prove that IR((pj)j) is a polytope. First, we will prove the
following theorem, which states that IR((pj)j) is the intersection of all polytopes Q included in
P such that for each facet F of P , one of the vertices of Q is among the vertices of F .

Theorem IV.9. Let R be a nonempty compact convex set, and P be a bounded sharp
polytopal over-approximation of R. Let (pj)j∈{1,...,m} be its H-representation, and (Fj)j

be the associated facets defined by

∀ j ∈ {1, . . . ,m}, Fj = P ∩ {x ∈ Rn, 〈pj , x〉 = σR(pj)}. (IV.3.2)

Define as well, for each facet Fj , the vertices of P lying in the boundary of Fj by Vj =
(si

j)i∈{1,...,kj}. Then

IR((pj)j) =
⋂

(sj)j∈{1,...,m}∈V1×···×Vm

conv {(sj)j} . (IV.3.3)

It follows that IR((pj)j) is a bounded polytope.

The proof of the theorem relies on the following proposition and lemma: the first proves that
IR((pj)j) is the intersection of all polytopes having a vertex on each facet of P .
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Figure IV.2: Polytopal under-approximation of R.

Proposition IV.10. Let P and IR((pj)j) be defined as in Definition IV.6, and define
facets and vertices as in Theorem IV.9. Then IR((pj)j) is the intersection of polytopes
with one vertex in each facet of P , that is,

IR((pj)j) =
⋂

(sj)j∈{1,...,m}∈F1×···×Fm

conv {(sj)j} . (IV.3.4)

Proof. For all nonempty compact convex set C ⊂ Rn, we have the equivalence

∀ j ∈ {1, . . . ,m}, σC(pj) = σR(pj) ⇐⇒ C ⊂ P and Fj ∩ C 6= ∅. (IV.3.5)

Consequently, we have that

IR((pj)j) =
⋂

{C ⊂ Rn, s.t. C is convex and ∀ j ∈ {1, . . . ,m}, σC(pj) = σR(pj)}

=
⋂

{C ⊂ Rn, s.t. C is convex and ∀ j ∈ {1, . . . ,m}, Fj ∩ C 6= ∅, C ⊂ P}

=
⋂

(sj)j∈F1×···×Fm

P ∩
⋂

(sj)j∈C⊂Rn

C convex

C

=
⋂

(sj)j∈F1×···×Fm

P ∩ conv
(
(sj)j

)
using Proposition I.32

=
⋂

(sj)j∈F1×···×Fm

conv
(
(sj)j

)
.

The second lemma useful to the proof of Theorem IV.9 is the following:
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Lemma IV.11. Let A and F be two convex sets such that F is compact. Denote ext(F )
the set of extreme points of F . Then⋂

f∈F

conv(A ∪ f) =
⋂

s∈ext(F )
conv(A ∪ s). (IV.3.6)

Proof. Since F is compact, we have that ext(F ) ⊂ F and F = conv(S). It follows that⋂
f∈F

conv(A ∪ s) ⊂
⋂

s∈ext(F )
conv(A ∪ s). (IV.3.7)

Let us prove the converse inclusion. Let x ∈
⋂

s∈ext(F ) conv(A ∪ s) and f ∈ F . Proving that
x ∈ conv(A ∪ f) will conclude the demonstration.

f ∈ F = conv(ext(F )), therefore using Caratheodory’s theorem we know that there ex-
ist (µi)i∈{1,...,n+1} ∈ [0, 1]n+1 and (si)i∈{1,...,n+1} ∈ ext(F )n+1 such that

∑n+1
i=1 µi = 1 and∑n+1

i=1 µisi = f .
Two cases then appear: if x ∈ A, then x ∈ conv(A ∪ f) and the proof holds. If x /∈ A, then

since for all s ∈ ext(F ), x ∈ conv(A ∪ s), we have that for all i ∈ {1, . . . , n + 1}, there exist
λi ∈ [0, 1] and ai ∈ A such that x = λisi + (1 − λi)ai, and furthermore λi 6= 0 because x /∈ A.
Therefore we have that si = 1

λi
(x− (1 − λi)ai). It follows that

f =
n+1∑
i=1

µisi =
n+1∑
i=1

µi

λi
(x− (1 − λi)ai) = x

n+1∑
i=1

µi

λi
−

n+1∑
i=1

µi(1 − λi)
λi

ai, (IV.3.8)

and therefore

x = 1∑n+1
i=1

µi
λi

(
f +

n+1∑
i=1

µi(1 − λi)
λi

ai

)
. (IV.3.9)

One can then easily check that x is a convex combination of f and the (ai)i, which means that
x ∈ conv(A ∪ f), concluding the proof.

Let us now prove Theorem IV.9.

Proof of Theorem IV.9. Using Proposition IV.10, we have that

IR((pj)j) =
⋂

(sj)j∈{1,...,m}∈F1×···×Fm

conv {(sj)j} . (IV.3.10)

Notice that
IR((pj)j) =

⋂
(sj)j∈{2,...,m}∈F2×···×Fm

⋂
s1∈F1

conv {(sj)j} . (IV.3.11)

Using Lemma IV.11 with A = {sj , j ∈ {2, . . . ,m}} and F = F1 = conv(V1) , we then have that⋂
s1∈F1

conv {A ∪ {s1}} =
⋂

s1∈V1

conv {A ∪ {s1}} , (IV.3.12)

and therefore
IR((pj)j) =

⋂
(sj)j∈{1,...,m}∈V1×F2×···×Fm

conv {(sj)j} . (IV.3.13)

Reasoning by induction over each facet produces the desired formula. Finally, since all convex
hulls of finitely many points are polytopes and that all intersections of finitely many polytopes
is a polytope, IR((pj)j) is a polytope.
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This result allows for computation of this under-approximation, for it is now a finite inter-
section of polytopes. The number of polytopes to intersect is still very large, and increases
significantly with the dimension n: when n = 2, there is usually 2 (sometimes 1) vertex per
facet, so little computation is needed to calculate IR((pj)j), but already for n = 3 it is much
more complex, and some more research would have to be done to accelerate its computation.

This intersection would still need to be extensively studied to determine whether it is inter-
esting and useful. For instance, we believe that, like its polar set, it has one vertex for each
direction pj – or at least for every (n− 1)-dimensional facet of P . It may also have links to the
intersection of the polytopes having all the same vertices as the over-approximations except one
– this can clearly be seen from the two-dimensional example in Figure IV.2, but it fails when a
facet is reduced to a singleton, or in higher dimensions. All these properties would be crucial to
the development of iterative methods of approximation, which we discuss in Section IV.5.

One lead to tackle these problems would be to use the polar representation of IR((pj)j), which
we try to characterise in the following subsection.

IV.3.2 Over-approximation of R◦

Recall that for (pj)j and (σR(pj))j that define a polytopal over-approximation P of R, we have
that P ◦ is a polytopal under-approximation of R◦. Similarly to under-approximations of R, one
can wonder whether it is possible to compute over-approximations of R◦ using only the data
(pj)j and (σR(pj))j . This is the topic of this subsection.

Definition IV.12. Let R ⊂ Rn be a nonempty compact convex set. Let (pj)j∈{1,...,m}.
We will consider the over-approximation of R◦ defined by (pj)j and denote OR◦((pj)j) the
set

OR◦((pj)j) =
⋃{

C ⊂ Rn is convex, P ◦ ⊂ C,∃ (qj)j∈{1,...,m} ∈ (Rn)m, σC(qj) = 〈qj ,
pj

σR(pj)〉
}
,

that is, the union of all convex sets C having each vertex of P ◦ on its boundary.

Notice that this union, although clearly including R, is not convex, and may not be bounded:
this is the case, for instance, if in R2 four or fewer directions (pj)j are considered. An illustration
of OR◦((pj)j) can be seen in Figure IV.3.

Similarly to Proposition IV.10, one can only consider polytopes in the union defining OR◦((pj)j):

Proposition IV.13. Let R ⊂ Rn be a nonempty compact convex set. Let (pj)j∈{1,...,m}.
For p, q ∈ Rn, denoting the half-space

Hq(p) = {x ∈ Rn, 〈q, x〉 ≤ 〈q, p〉}, (IV.3.14)

we have that

OR◦((pj)j) =
⋃

(qj)j∈{1,...,m}∈(Rn)m

⋂
j∈{1,...,m}

Hqj

(
pj

σR(pj)

)
, (IV.3.15)

that is, OR◦((pj)j) is the union of all polytopes containing P ◦ and having ( pj

σR(pj))j at their
boundary.

Proof. Given (qj)j∈{1,...,m} and C ⊂ Rn, we have that[
∀ j ∈ {1, . . . ,m}, σC(qj) = 〈qj ,

pj

σR(pj)〉
]

⇐⇒ C ⊂
⋂

j∈{1,...,m}
Hqj

(
pj

σR(pj)

)
. (IV.3.16)

Indeed, the right-hand side set contains all sets satisfying the left-hand side’s conditions, while
also satisfying them. It follows that it is the union of all such sets C (and in particular of P ◦)
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Figure IV.3: Over-approximation of R◦.

and thus that

OR◦((pj)j) =
⋃

(qj)j∈{1,...,m}∈(Rn)m

{
C ⊂ Rn is convex, P ◦ ⊂ C, σC(qj) = 〈qj ,

pj

σR(pj)〉
}

=
⋃

(qj)j∈{1,...,m}∈(Rn)m

⋂
j∈{1,...,m}

Hqj

(
pj

σR(pj)

)
.

This expression, though more tractable than the definition of OR◦((pj)j), still incorporates a
union over an infinite – uncountable, even – number of directions. We believe that, similarly to
the expression of IR(pj)j developed in Theorem IV.9, one could simplify it to a finite number
of directions – for each vertex, the directions of its adjacent facets. This can clearly be seen in
the illustration in R2 presented in Figure IV.3.

Going even further, we expect to be able to achieve the following conjecture, proving the
duality between the under-approximation of R and the over-approximation of R◦.

Conjecture IV.14. Let R ⊂ Rn be a nonempty compact convex set, and let (pj)j∈{1,...,m}. We
then have

OR◦((pj)j)◦ = conv({0} ∪ IR((pj)j)) and IR((pj)j)◦ = conv (OR◦((pj)j)) . (IV.3.17)

Another conjecture we have would concern an inverse-like property between over- and under-
approximations of this form: in Figure IV.3, it can clearly be seen that P ◦ could be built from
OR((pj)j) similarly to the way IR((pj)j) is constructed from P in Figure IV.2.

Conjecture IV.15. Let P a bounded polytope. Let us denote somewhat abusively the under-
approximations of R and over-approximations of R◦ as under- and over-approximations of the
polytopes: I(Q) and O(Q) for all polytopes Q. We then have an inverse-like property between
under- and over-approximations:

O(I(P )) = P. (IV.3.18)
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Furthermore, if O(P ) is bounded, we have that

I(O(P )) = P. (IV.3.19)

Such results would allow for a better understanding of the under-approximation of R, which
could then lead to interesting ways to compute approximations of R, or to determine if 0 ∈ R.
In the following section, we consider the case where we have access to further information on R.

IV.4 Under-approximation of R with maximisers of σR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In the previous section, we mainly considered approximations of a nonempty compact convex
set R ⊂ Rn when having access only to evaluations of the support function at given directions
(pj)j . In this section, we shall assume to have a little bit more information: recall that the
support function of R reads

∀ p ∈ Rn, σR(p) = sup
r∈R

〈p, r〉. (IV.4.1)

Since R is assumed to be compact and the inner product is continuous with respect to its input,
this supremum is reached and therefore

∀ p ∈ Rn, ∃ r ∈ R, σR(p) = 〈p, r〉. (IV.4.2)

In most configurations where a support function is computable, it is so using the knowledge
of such a maximiser r ∈ R – indeed, in all the examples considered in this thesis, this was the
case. Of course, it is always known up to some error (discretisation, rounding, etc.), but let us
assume within this section that we have access to such maximisers, leaving the error-case for
Section IV.6.

Proposition IV.16. Let R ⊂ Rn be a nonempty compact convex set. Let (pj)j∈{1,...,m}
be a set of directions, and let (rj)j∈{1,...,m} ∈ Rm be such that

∀ j ∈ {1, . . . ,m}, σR(pj) = 〈pj , rj〉. (IV.4.3)

Then, denoting P the sharp polytopal approximation of R defined by the directions (pj)j

we have the inclusions
conv((rj)j) ⊂ R ⊂ P. (IV.4.4)

Since this proposition’s proof only relies on the convexity of R and on Proposition IV.3, we
will not detail it. The under-approximation of R is larger than I((pj)j): indeed, recall that

I((pj)) =
⋂

{C ⊂ Rn, C convex s.t. ∀ j ∈ {1, . . . ,m}, σC(pj) = σR(pj)}. (IV.4.5)

In particular, conv((rj)j) is one of such convex sets, which means that I((pj)j) ⊂ conv((rj)j).
In fact, recalling Definition IV.4, conv((rj)j) defined by Proposition IV.16 is a sharp under-
approximation of R: an illustration of conv((rj)j) and P is provided in Figure IV.4.
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Figure IV.4: Polytope under-approximation of R with maximisers.

One can also wonder what this would correspond to as approximations of R◦. The following
proposition proves that conv((rj)j)’s polar is a sharp polytopal over-approximation of R◦

Proposition IV.17. Let R ⊂ Rn a nonempty compact convex set. Let (pj)j∈{1,...,m} ∈
(Rn)m define a sharp over-approximation P of R such that 0 ∈ Int(P ) and let
(rj)j∈{1,...,m} ∈ (R)m such that

∀ j ∈ {1, . . . ,m}, σR(pj) = 〈pj , rj〉. (IV.4.6)

Denoting
I((rj)j) = conv((rj)j), (IV.4.7)

we have that I((rj)j)◦ is a sharp polytopal over-approximation of R◦.

Proof. Proposition I.43 yields that I((rj)j)◦ is a polytope defined by its H-representation (rj)j

and (bj)j = (1)j . Since I((rj)j∈{1,...,m}) ⊂ R, we have that R◦ ⊂ I((rj)j∈{1,...,m})◦. Therefore,
the only thing left to prove is that for all j ∈ {1, . . . ,m}, σR◦(rj) = 1.

Let j ∈ {1, . . . ,m}. By Theorem I.35, rj ∈ R ⊂ R◦◦ = (R◦)◦ and thus σR◦(rj) ≤ 1.
Furthermore, since 0 ∈ IntP , σR(pj) = σP (pj) > 0, we have that

σR

(
pj

σR(pj)

)
= 1 (IV.4.8)

and therefore pj

σR(pj) ∈ R◦. This yields

σR◦(rj) = sup
x∈R◦

〈rj , x〉 ≥
〈
rj ,

pj

σR(pj)

〉
= 1, (IV.4.9)
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which concludes the proof that σR◦(rj) = 1 and that I((rj)j∈{1,...,m})◦ is a sharp polytopal
over-approximation of R◦.

Figure IV.5 presents an illustration of such an over-approximation of R◦.

Figure IV.5: Over-approximation of R◦ with maximisers.

In the following section, we consider iterative methods to efficiently compute under- and
over-approximations, as well as deciding whether 0 ∈ R.

IV.5 Iterative methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Recall that we had originally two objectives when evaluating the support function of R:

• a first goal was to decide whether 0 ∈ R – equivalent to the reachability of a single target;

• a more complex one was to approximate R – equivalent to approximating the reachable
set.

Across the previous sections, we have focused on the second objective, first approximating
the reachable set from outside in Section IV.2, then from inside in the following ones. We shall
therefore first discuss methods of iteratively producing under- and over-approximations of R,
then see how we could adapt these methods to prove that 0 ∈ R.

Before delving into a few ideas of algorithms, it is important to reassert that this section
(along with others in this chapter) does not present finished work nor claim authenticity of its
results: approximations of convex bodies, and in particular using inner and outer polytopes,
have been extensively studied. We refer the reader to the literature for a more academic and
rigorous view of the matter, for example in the survey [Bro08].

First, one can notice that to produce an under-approximation I of R, and by extension to
prove that 0 ∈ R, one has to provide global information on its support function and therefore
the number of directions (pj)j∈{1,...,m} considered must be high enough. When one has access to
the maximisers of the support function, immediately those maximisers (rj)j∈{1,...,m} are proved
to be in R. However, one can only prove that a set conv((rj)j∈{1,...,m}) of nonzero measure if
m ≥ n+ 1.
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Similarly, we believe that if the maximisers are not known, a necessary condition to obtain a
nonempty under-approximation is that m ≥ 2n. For instance, if (ei)i is the canonical basis of
Rn, then evaluating σR on each ei and −ei will provide a hyper-rectangle over-approximation
and prove that its centre (and its centre only) is included in R. Surprisingly enough, if the
over-approximation produced by the (pj)j is unbounded, even with 2n directions one can prove
the inclusion of a non-singleton set I (although still of measure zero).

Once an under-approximation has been constructed, one can compare under- and over-
approximation to choose new directions to pursue more precise approximations. One could
also choose all the directions (pj)j in advance, and then compute both approximations, but
doing so iteratively has multiple advantages:

• of course, it allows one to adapt the strategy at each iteration: if the computation of each
σR(pj) (and potentially the associated maximiser) is expensive, this makes even more
sense – and this is the case in this thesis, for the computer-assisted proofs require interval
arithmetic and very fine discretisation. In particular, if the only purpose is to prove that
0 ∈ R, an iterative method might be very well suited.

• as was seen in the previous sections, computing under-approximations might require the
computation of the vertices of the over-approximation. This is a very costly enterprise,
which requires knowing which facets border each other. While the prior information and
choice of the (pj)j will considerably help, computing the vertices iteratively will also alle-
viate the computational cost.

When considering iterative methods to build an under- and over-approximation of R based
on the inner polytope: since in both cases (with or without maximisers of the support func-
tion), we believe that there is one vertex for each facet of the outer polytope, one could consider
choosing a normal direction to one of the inner polytope’s facets. The choice of the facet could
be done using various criteria, such as area of the facet (a large facet has greater potential for a
significant improvement) or the distance between the inner and outer polytope. Since that topic
has been extensively studied in the literature (see [Bro08, Section 8]), we shall focus hereafter
on iterative methods of proving that 0 ∈ R.

If however the purpose is solely to prove or disprove 0 ∈ R, different methods could be
envisioned: the naive approach would be of course to simply try and under- and over-approximate
R as well as possible, hoping to obtain 0 ∈ I or 0 /∈ P . A more subtle one could be to first
build a crude under- and over-approximation using a given set of directions, and then build up
the pair using an iterative method, for instance choosing the next direction as the opposite of
the orthogonal projection of 0 on I, progressively closing in on 0 until inclusion in I or PC is
proved.

A more sophisticated method would be to first choose all the directions using a descent
algorithm on the support function – for instance, a primal-dual algorithm such as the Chambolle-
Pock algorithm [CP11] would provide both directions and compute the maximisers at each
iteration. Such a descent algorithm would either find a negative point of the support function
(and thus imply that 0 /∈ R), and building the over- and under-approximation at each step would
prove, if it is the case, that 0 ∈ I. Although seemingly more efficient, this could also prove more
computationally heavy – the algorithm can take many small steps with little impact on the
approximations, which are expensive to compute – or even not provide the desired result if in
fact 0 ∈ R. For instance, the algorithm could get stuck in a direction leading to the minimiser
of σR (0, in that case), and not provide enough global information to prove its inclusion. To
prevent that scenario, one could then switch back from this algorithm to another one, better
suited to the 0 ∈ R case.

Finally, another method could rely on polar sets: recall that for a compact convex set C, 0 ∈
Int(C) if and only if its polar C◦ is bounded. It goes the same for R or its under-approximations
I. Therefore, one could search for directions for which the polar of the inner approximation
(or the over-approximation O of R◦, see Conjecture IV.14) is not bounded. This setting is, of
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course, equivalent to the original under-approximation of R, but can still provide useful insights
or computation techniques using both primal and dual viewpoints.

IV.6 Polytopal approximations with support function errors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

In light of applications to computer-assisted proofs of reachability, one can wonder what impact
inaccurate support functions evaluations would have. We shall in this section give an overview of
how those errors could affect the computation of the various polytopal approximations surveyed
in this chapter.

Across this chapter, we have made the assumption of having an exact evaluation method
for the support function, that is, being able to compute σR(p) for all p ∈ Rn. In practice, as
has been emphasised on multiple occasions throughout the thesis, we only have access to an
approximation of it, with explicit bounds on the error. Therefore, in this section we shall only
assume approximate knowledge of the support function of R, that is, for all p ∈ Rn, the ability
to compute b ∈ R and e > 0 such that

|σR(p) − b| ≤ e, (IV.6.1)
where R ⊂ Rn is, as always, a nonempty compact convex set. Notice that since the directions
of (pj)j used to construct the polytope have been chosen, the only errors lie in the value of the
support function, and, if it is known, in the computation of its maximiser.

All throughout this section, we will use an overline x (or X for a set) to indicate that a value
is guaranteed despite the presence of errors: for example, if P denotes an over-approximation of
R, then P ⊃ P will denote a computation of P with errors – necessarily, it will be less precise.

We will now provide details as to how this affects approximations, first focusing on over-
approximations and then considering under-approximations.

IV.6.1 Over-approximation of R and under-approximation of R◦

As can be seen using the following proposition, computing over-approximations of R (or equiv-
alently under-approximations of R◦) is not severely impeded by support function errors.

Proposition IV.18. Let R ⊂ Rn be a nonempty compact convex set, and let
(pj)j∈{1,...,m} ∈ (Rn)m. Assuming we have computed the (σR(pj))j up to a given error
term (ej)j . We thus have access to

∀ j ∈ {1, . . . ,m}, σR(pj) ∈ [bj − ej , bj + ej ]. (IV.6.2)

Then the polytope P defined by

P =
m⋂

i=1
{x ∈ Rn, 〈pj , x〉 ≤ bj + ej} (IV.6.3)

is a polytopal over-approximation of R.

Therefore, one can also compute over-approximations of compact reachable sets if the support
function is known up to an error – see Figure IV.6 for an illustration of the method. These over-
approximations are, however, not sharp: in general, R does not touch the facets of P , but is
within a distance of ej

‖pj‖ of them.
Similarly, one can compute under-approximations of R◦ with support function errors.

Proposition IV.19. Using the same notations as in Proposition IV.18, we have that

P ◦ = conv

( pj

bj + ej

)
j∈{1,...,m}

 ⊂ R◦. (IV.6.4)

An illustration of such an under-approximation can be seen in Figure IV.7.
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Figure IV.6: Outer polytope approximation with support function errors.

Figure IV.7: Polytopal under-approximation of R◦ with support function errors.
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IV.6.2 Under-approximation of R
Computing under-approximations of R when the computation of σR is subject to errors is much
more difficult. Since over-approximating R◦ poses similar problems, we shall focus here on
under-approximations of R.

Assuming first no prior knowledge of the maximisers, recall that Theorem IV.9 characterises
the under-approximation IR((pj)j) as a finite intersection of convex hulls of the vertices of
the over-approximation P . This is no longer the case when considering errors on the support
function: in Figure IV.8, we have plotted the new under-approximation IR((pj)j), computed
using a “worst-case” method: the vertices of the sharp over-approximation based on the (pj)j lie
somewhere within each orange-dotted lozenge on each corner of the pentagon, and therefore when
computing the IR((pj)j), one has to consider all those new possibilities of vertices. However,
this illustration is of a simple case: in practice, if more directions are considered, if the errors
are higher or if the space dimension is higher, one might witness the appearance of new vertices,
the disappearance of others. Therefore, we shall only formulate the following statement about
the construction of an under-approximation of R.

Figure IV.8: Polytopal under- and over-approximations with support function errors.

Proposition IV.20. Let R ⊂ Rn be a nonempty compact convex set, and let (pj)j a set
of directions in Rn. Assume that we have computed (bj)j and (ej)j such that for all j,
|bj − σR(pj)| ≤ ej . Denoting

IR((pj , bj , ej)j) =
⋂

{C convex, ∀ j, |σC(pj) − bj | ≤ ej} . (IV.6.5)

Then IR((pj , bj , ej)j) ⊂ R.

The proof of this proposition is immediate, since R is among the convex sets in the intersection.
In the spirit of Proposition IV.16, we believe we could easily restrict the intersection to polytopes.
Nevertheless, it is clear that such an intersection will be extremely complicated to compute in
practice. Remark that counterintuively, IR((pj , bj , ej)j) cannot be constructed directly from the
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“worst-case in each direction”, that is, from the polytope

P =
m⋂

j=1
{x, 〈pj , x〉 ≤ bj − ej} . (IV.6.6)

This can clearly be seen in Figure IV.8.

Were one in possession of the maximisers of the support functions, albeit also computed with
errors, one could still provide decent under-approximations of R. Figure IV.9 presents such a
case.

Figure IV.9: Polytopal under- and over-approximations with maximisers and support function
errors.

One easily notices that once again an intersection over potential candidates is required to
compute an under-approximation. This is the topic of the following proposition, whose proof is
immediate.

Proposition IV.21. Let R ⊂ Rn be a nonempty compact convex set, and for all j ∈
{1, . . . ,m}, let rj ⊂ Rn such that

∀ j ∈ {1, . . . ,m}, rj ∩ R 6= ∅. (IV.6.7)

Then
I((rj)j) =

⋂
(rj)j∈r1×···×rm

conv((rj)j) (IV.6.8)

satisfies I((rj)j) ⊂ R.

In particular, if those (rj)j are constructed as the maximisers of the support function for a
set of directions (pj)j , one is assured that rj ∩ ∂R is nonempty – which is the case pictured
in Figure IV.9. If those (rj)j are furthermore convex, we believe that, similarly to Theorem
IV.9, one could restrict the intersection to the extreme points of each rj , allowing for easier
computation of the under-approximation of R.
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