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Context & objectives
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Motivation

Vit xelo,T]x0,1],
y(t.x) = Ay(t,x)
y(0,x) =0

y(t,0) =y(t,1) =0.
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Motivation

Vit xelo,T]x[0,1],

y(t,x) = Ay(t,x)+
y(0,x) =yo(x) =0
y(t,0)=y(t,1)=0

eR.
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Motivation
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Motivation

Vit xelo,T]x[0,1],
y(t.x) = Ay(t,x) + 1o
y(0,x) = yo(x) =
y(t,0) =y(t,1) =
0< <A1 .
y(T,x) = ys(x) = sin(mx).
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Acceptable control values
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Context & objectives
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Control system

We call linear control system
y(t)=Ay(t)+B Vte [0, T]
€ vVte[o,T].
Which allows the Duhamel decomposition

y(T,;y0.u) = Styo+ Lru.
We call the constraint set

={u, Vvtelo,T], € Up}.
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Context & objectives

[e]e]e] ]

Reachability

Definition
A target y; is Ul-reachable in time T if :

Jdue U, y(T,-; ):y,‘.

We call reachable set and denote Lt U] the set of all 1I-reachable
points.
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Method & results
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Non-reachability : theorem

Denoting
J:pr = Spalpr) = (pr yr),
where
Grr7 i Ppr> sup (X,pr).
XxXeLr
Theorem

If there exists py such that J(ps) < 0, then y; is not 7/-reachable for
(S) intime T.

Ivan Hasenohr (UPC) CJC-MA 28 octobre 2024 9/20



Method & results
000

Non-reachability : theorem

Denoting
J:prr orrau(pr) —(pr ye),
where
Ot pr=> sup(Lru,pr).
S
Theorem

If there exists py such that J(ps) < 0, then y; is not 7/-reachable for
(S) intime T.

Ivan Hasenohr (UPC) CJC-MA 28 octobre 2024 9/20



Method & results
000

Non-reachability : theorem

Denoting
J:prr orrau(pr) —(pr ye),
where
Ot pr = sup(u, Lrpr).
S
Theorem

If there exists py such that J(ps) < 0, then y; is not 7/-reachable for
(S) intime T.

Ivan Hasenohr (UPC) CJC-MA 28 octobre 2024 9/20



Method & results
000

Non-reachability : theorem

Denoting
J:pr = o (Lrpr) — (pr ve),
where
Gy Vi sup(u,v).
(S
Theorem

If there exists py such that J(ps) < 0, then y; is not 7/-reachable for
(S) intime T.

Ivan Hasenohr (UPC) CJC-MA 28 octobre 2024 9/20



Method & results
ooe

Method

Theorem

If there exists py such that J(ps) < 0, then y; is not 7/-reachable for
(S) intime T.

Ivan Hasenohr (UPC) CJC-MA 28 octobre 2024 10/20



Method & results
ooe

Method

Theorem

If there exists py such that J(ps) < 0, then y; is not 7/-reachable for
(S) intime T.

To use this theorem to prove the non-reachability of yy, three steps are
required :

@ discretise J into Jar , >~ J such that we can evaluate Jat
@ find py, such that Jas p(pm) < 0
@ associate py, to some py and check that J(pr) < 0
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Theorem

If there exists py such that J(ps) < 0, then y; is not 7/-reachable for
(S) intime T.

To use this theorem to prove the non-reachability of yy, three steps are
required :

@ discretise J into Jar , >~ J such that we can evaluate Jat
@ find py, such that Jas p(pm) < 0
@ associate py, to some pr and check that J(pr) <O

e interpolate py, into py

e bound discretisation errors eg(py)

e bound round-off errors e;(py).

e check that Ja; n(pr) + eq(pr) + er(pr) <O.

Ivan Hasenohr (UPC) CJC-MA 28 octobre 2024 10/20



Method & results
€000

Computing J

J can be reformulated as :

.
J:pfr—>/0 G, (B*St_pr) dt — (pr, yr),

where we assume 6¢;, has a known closed-form expression.

Ivan Hasenohr (UPC) CJC-MA 28 octobre 2024 11/20



Method & results
€000

Computing J

J can be reformulated as :

-
Jipr— /0 11, (B*ST_ipr) dt — (pr, V),
where we assume 6¢;, has a known closed-form expression.

Time discretisation — Implicit Euler scheme :

Iat(pr) = At Z 1, (B (Id—AtA*) =M= p) — (pr, ),

Ivan Hasenohr (UPC) CJC-MA 28 octobre 2024 11/20



Method & results
€000

Computing J

J can be reformulated as :

-
Jipr— /0 11, (B*ST_ipr) dt — (pr, V),
where we assume 6¢;, has a known closed-form expression.

Time discretisation — Implicit Euler scheme :

Iat(pr) = At Z 1, (B (Id—AtA*) =M= p) — (pr, ),

Space discretisation — P1 finite elements :
Iatn(pm) = At Z 611, (B (1d —AtAL) =M= o) — (g, yi).
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@ Ma-accretivity : for 0 < o < >

Vv e D(A), (Av,v) € S, and,

Vz & S, zl —Ais an isomorphism .
from D(A) to H. | | I | | |

@ Coercivity : fora; >0

Vv e D(A), Re(Av,v) > a|v|?.

@ Continuity : for 0 < gy < a4,
Vv,we D(A)x V, |(Av,w)| <alv|||w].
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Discretisation error

Theorem

Let ps € Vi and pr € D(A") such that Vi € {0, ..., Ny}, p(ih) = pr(ih).
Then, if A satisfy the previously stated hypotheses, we have

ea(pr) = [J(pr) — Jatn(pm)| < (CrAt+ Coh?) | A py|
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Discretisation error

Theorem

Let ps € Vi and pr € D(A") such that Vi € {0, ..., Ny}, p(ih) = pr(ih).
Then, if A satisfy the previously stated hypotheses, we have

ea(pr) = [J(pr) — Jarn(pim)| < (C1At+ Coh?) || A*py,

with
61 = M8+ s (Ivel+ T 5])

)
C = (a? G (7+ e Cu) + Cuca ) (Isule-+ w71 )

ao

2 1
Co<2+— & Co=—.
o = \/§ 0 2
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Round-off errors

Interval arithmetic

To take into account round-off errors made by during computations on

finite-byte machines, one has to propagate all potential errors using
intervals : Xx—x+a

X=X

The Intlab library, encoded in Matlab by Siegfried M. Rump, takes care
of it for us.
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Numerical example

Back to the original example :
Vt,x €0, T| x[0,1]

y(t,x) = Ay(t,x) +1q
y(0,x) = yo(x) =
y(t,0) =y(t,1) =
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Numerical example

Back to the original example :
Vt,x € [0, T] x [0,1]

;

y(t,x) =01Ay(t,x) + 1
y(0,x) =0
y(t.0)=y(t,1)=0

0< <1

y(T,x) = ys(x) =0.21sin(mx).
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Numerical example

Back to the original example :

yr = 0.21sin(m-).

Is ys Ul-reachable in time
T=17?
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Numerical applications
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Numerical example

Back to the original example : =
o ::ceptable control values
— pr

yr =0.21sin(m-).
Is ys U-reachable in time
T=17
Proposition
yr is not Ul-reachable in time
T = 1. Indeed,
J(pr) € [~0.0093, —0.0035] < 0.
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Numerical example

Back to the original example :

— Yo
Acceptable control values

— ¥

— pr

yr = 0.21sin(m-).

What is a guaranteed
lower-bound of the minimal time
of reachability t* of y; ?
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Numerical applications
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Numerical example

Back to the original example :

— Yo
Acceptable control values

— ¥

— P

yr = 0.21sin(m-).

What is a guaranteed
lower-bound of the minimal time
of reachability * of y; ?

Proposition

> 1.1582.
Indeed,

J(pr; t*) € [-0.0073, —4-10"°] < 0.
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To prove the non-reachability of yy, three steps are required :
@ discretise J into Jar , >~ J such that we can evaluate Jat

@ find py, such that Jas p(pm) < 0
@ associate py, to some pr and check that J(pr) <0 :

interpolate py, into pr

bound discretisation errors eg(py)

bound round-off errors e, (py).

check that Ja¢ n(pr) + ea(pr) + er(pr) < 0.
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Cubic spline interpolation

For a given py, P1 element, we need to find pr € D(A) such that
Vie{0,....,Ny}, pr(ih) = pp(ih).
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Cubic spline interpolation

For a given py, P1 element, we need to find pr € D(A) such that
Vie{0,....,Ny}, pr(ih) = pp(ih).

Lemma

If A= A, cubic splines are the optimal way to interpolate py,, in the
sense that

inf || Apll = inf  [Ap].
preD(A) preD(A)
pr cubic spline
Furthermore, the inf is reached, the optimal spline has a closed-form

expression satistying pr € C*([0,1]).
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Conclusion

Conclusion and perspectives

Contributions :

@ A general method to analyse the non-reachability of targets of
linear control problems

@ Fine explicit estimates for a wide class of parabolic control
problems

Perspectives :
@ Apply the method for other classes of linear PDEs

@ For ODEs, develop a method to prove numerically the reachability
of a given target and approximate the reachable set with
guaranteed sets (work in progress)
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